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Visuold Y z
A
» P(a,b,c)
/
7
3 \ 7
,)2 p— / 5
o) — )
a -
Sl
N
b N

RoemosK: Thak oF RB as The /:&so'q/e" o an M-fm‘ée/] '(a,fjg,

/,bax“. SiMilw'i 3 Bank 5€ 122 (UA& ,’Xj'?\a&“> as aa

/s \

\.f\,q \'/\‘\’CQ\S lau*se, S\A&t .

Rlal/\t - HMJ 2W :




Question T ¥ you weee asked to draw 3=3) I hak
wou ld  trak LooK {lKe?

A,J\suuer P B o‘a_?ends.

C T BT = 2()(‘%) \ X\ Yy 6:”7\1} ) Twis 1w ol ‘.Pairs

(quf\ SLLOL\ Tak 5-‘—-’3.

ie (v,3), (m3) (é,:;/)z) -
As  a pckuwe , it's Qs green Kine
Y
/N~

L T PR3 < i(x‘«.(,%) ‘ X.\(,1€7R% ; tws s ad
(xiq,2) ,suckh ftuat y=3

1.2 . (\\’—71‘> ) (r/g)ci> )




:ReMaJ‘K'- ?Eiuaiiows I ,‘Kz UlSUa.Uj /(ea.d to curwes.

Eclu.a/t\.o.as n Eg usuaﬂy ’e,CaJ to Su.(fa.CQb.

Distance Formula - tor P - (Tl \?’-4?3\ A (Toﬁ’-ni"’)
n R

d(pe) = JP-2.) + (-2 + (2- 72)

E xerc " ses: |) Dfaw @b( 7001/1 t < /./l 722 'tLLa;t are 1 (,L/U‘t
frovu (e Orljin . Fiad  ax ectuwé.'w descn'bv\j Tis sef .

7—) Do e Same 11 723.



/2- Yectors :

Whon  scientists 4alK a,éou/t[Ve_cbor; ) ’U»‘bj are

Feferr{/\j to Somﬂ/ukj \A\MCJA has a (Majmitu.de:

R}

(o /“ee,rljtl:\> wd a direction .

\/e.ctors Car e de/\oteC/ TN Muitlp\e. \A)CljS .

—>

V)v)’z)..

Fio. 1 : B D
gi

¢ %

A C

Consider the  above vectors .

:17 Move s ?Drom tlAQ pol'nt A to U "POl\/\t B
. —s
We expess s bj wr'atuixa v = AB .
N of fce L = ZE has The Sanme «{eﬁﬁ‘ acd direction

-
as v .

We actuaﬂy /'q/ernfi%ér lese vectors ard write vV =U .



—

/'Re,Mo\rK'. ’7Z<-L Zero \)Qc{‘.o(‘ O Was Zefo -»(antu a&d

e e oalj vwector  witle o S?QQQZQ direckion .

Lmagine o gatticle  MORS fromn a pont A to a
Pont B

o its displcement vector ® qiver by AR .
Suppose The  gorticle  Tuen mowes frow B to C.

This d'\g?\aQQMU\’c, Veckor Is j'\ve.m loj ‘?C

Fuj. 2 I g
A
e
/.
@ C
1<

The I‘Q&L[E{rxj red veckor A-Z « called 1he sunr o£

AR ord fc ou.a/ wie write -

— ey

AC = B + BC




Definition :  ( Vector Addition )

T/ R ad W e, yedors :Posi‘tionecl swcle  Tuat

e  mitial  pont of T concides wite e termined
ponk oA B, ted Tue sum  T4D  is e vector
fon  tle intal it of A to Be temmed point
A T

"Fia. 3 (Tm'aﬁle Law)




’l-j mc/'l—)’.?

@ue,stion: What showld we jet f we

Y g\
| QT

=3

’4{?@5"“"CGUJ ) we shold wet @ VsV = 2
Bk  whet dees 23" mear C

What  dees £ oean  to mudtiply o vecter L’j o
real  Auniber !

Tlhe  acswer s motivaeted %y e 3eo-e(:r3:

Fa. 5
J
%
7 A
N
q/’\)
. | 7
Dicect ion . No Ct/\a,ﬁe. .

Lenjﬂ,\, 7 Twice as lgonj-

-

Dluestion : What slowld — v ’Pe7.

/(/je_bi‘a,(canj ) wie S\wu,/o/ Wer T ’_UL -+ (—;;) = 3 ‘



C}‘eomi:r;mﬂj , Tus mears we work a veckor , —T , suda
That £ e fllow YV  od Tuee -0 ,  ows

diSPlacewt < O

This mMot va/{es owr de_‘Pf/t i Eloa

/Dcf?niﬁ]oni (SCcJar Hw(t'»q)l;cai:'o/L)

4 C >0 , twer CV 5 a vetker fuat 8
|C—l 'fivwes as fonj as ;} ) In tW. Same diredb'om
—>
as Vv

, ther ¢V s a weddter that 8

|| times as jonj as v y IR the oPPOSl‘tQ

direction to o .




EX&YC(SQI \/\J'UA EZ md z as :be,fow y drauu Z -2 b .

C omponen ts:

Tlis S a wo:j to treat veckors Qlﬂe—bra,iCauAj )
Tk we toKe o veckor in RY of '’ 5 based ok
the ori?'/\ , we caw wite down M  oordiates o’?V e

tef MOA a.L ’PO{!\‘[’, .

Fig. 7. (%) Z _
A We. Cé,flhe v = o
/P(a,b,c)
7.3/" tO l’la\’e COMPO'LQ’\{:S .
/e
ao/ —»- >» V VvV = (&,b,@> .
N/




We can c(earlj we Tt ¥ e inteod ‘base @
at o  pont A = (x,x2,%s) , +that it should

tﬁfMt‘na}tQ o&, t‘w. ?o\',\t %: (X.—%O& 'X-;.-\-b) X3+C3.

Le{'s Mj wWe_ WWave ‘tuo ")0\}\’&’5 A= (X\,XL'X33 ) ,/,u,d

B = (“j\"j-,_'lj-,) .

Whak %\Aou.lcl 4 (Y QoMPo«QM\:S C5€ D = B de 2

:ll:lj. R "
y .

B = (g';‘:fz,'jg)

v
> Y
k‘(X..Xl,Xs)
X
Geom{ricaﬂj we  See  thael : _:t + AR = OB

SO we_ Slwu./[o' lda(je ;’} = AR = OB — O

Which )A C omp onentfs wow Id de

)

v o= (4,Y,9s) - (x. ) X, ><3> =<9\—X./UL—XL,93-X3>




Man Pont : v rep&.‘z/\ted n COMPOAQA{S (N

d(sPlacemt v dt'SplaceMut v d(splacemt v
vV — Causes ia ) Causes 1 5> Causes I

X — direch'o/\ Y - direc{.t'm Z —direc{.io/\

Ta ?ar{icw(a( ) This O&P‘Q&A{wﬂon cbe.SA"(: co. (e Cdoouzt

w here Vs ‘bO-Seo/.

Re pmarK C/e_ar/j ﬁte '\oenjfl« a/f v s dOQ.S/llé care

—>

adout wWwece L s ‘based either .

Hence ) we CO»L{wJZe Qe *Qe.fljt\« O‘e 3 ;o whack e

denote bj ”-‘Z// ) %7 usfrj /ts refvesutaaé{on In

Componeﬁts 3
A MSi\nJ 'nyl«tyorasl we Can
P, b, o)
7'“]/"/ See .
/o
ao — V l‘-‘l;“’—‘-"/d,zf'bz-f'Cz,
e




Sluestions - How do we addd /Subf/ac{— /Sca,(e

vec tors ol jebfai call .j 7



Answers: TE 2 = (a, az as) b - (‘b»,‘bz)‘bz)}

the n

() @ + b = (a.+b, )az+bz,a;+£3)

i) @-3 = (ai-b, @ -te, as-bs)
(Gi2) For ceR® - ca = (Cq. , Caz,C_a3>

qzemarki We cowld ja.sé haue easi/7 e ol th's
I'n e 2 - dimeunsional Ccase B U= (x, ,Xz)

D

or e 4 - dimenasional case TP\H L Y= (XUXz,Xs,Xq))

)

Or M /\—C{l‘MenS)'OAa/( case , ?13 3—‘- (X.,...,X/L) .

(seqeral /?roqmr&ies 04(2 veckors

1
3
5. c(@+b)=ci+cb 6. (c+d)a@=ca+da
[



Remark : E"c’j’ one o‘g Tlese ?rof)ertics can be just\-e \ed

Se.ow\e:bri calij .

Sﬁcudan/ Basis Vectors :

3

771/&2 V‘QCtOFS I < 'P/ay a Sfé(/'a/ fo/e-'

2
i =(1 o0,0) 1
Stevdard
; = (O , |,O> Basis Vectors
for 7R3
.
£ = (0,0, 1)
/
Lubj.

-

rBQCO.uSQ CU-j \)QC'k.OV YV Conx be ?Q“H‘QSQA’(QCI )

a/ﬁebra{c wj as Q «ginea/ Comny AI;IQ/G,I.O/! 0/7(
- = ™.
T, K

"27 = (a,b,c_> :<a,0/0)+ (O,b»0>+ <O/O)C>

—

. — s
= a1+Ej+CK



:Egmark: T € s MSQ'M 60 ﬂ'tmk 04,/ :) /; ,E, as ‘th.q
” ‘ " 2

’bu.i /o// nj 75/0c /(S 5%,— 2 .

E xe rcise Tf ; = 2% + 3? - £ ac

v = 37 4+ Lﬁj’ + 2? \ re,?nese/\t V4V 1A as Q

o -—’ -
‘{mear Com biraXion O’?’ 1 , ] E) chl QOMPLL‘tQ



/Deg{f\\{'\or\ : A u,/l)"t \)Q_C,tor s oo vecktor e ‘eenj'\:\.«j—.

— —
3 oad £ ae all unit vectorS.

]

Example . —’Z

q?eMart . ?or mj Aouw - 2er0 \wector [ 3 e s o
uai t vector ?omtmj n e Same direction as Ti

A

Tus veckor B8 u.suaﬂj C‘enofed as U N au»& S

qiven a\je, bear: cmuj bj :

o= ) u

This Process (ZL’ ~> U ) IS Ca,/,(e_c/ /\omalizmj_ U

?euuk: uf\i{: veckors  are  sometimes referrc,d to as directions.
ey =5 =
"‘Exerc(se'- NorMalk%Q l’ = 21 -+ 27 —: £




/‘('pp/"cw{ 10NS -

(./ A 100 -Qb m;au( \l\&k%% EPOM ‘two wires as Slhowa !

&o° 30°
— —
'T' T2

Fiod te teasion Forces To ond To a botle wires
ard tlA-Q Majqi‘éu dQ.S 04 tL‘Q t'Q/lSP.OA—S) aSQLLMll\g

ﬂta SjsﬁeM S ezw'//'bf/«m.

So/ﬁ . /(S owr 57562/‘4 IS n etw'/,’é//um ) we Aau\Q "
—> —_ —t —>
T, + T2 + w = O , or
—s — - —s
T+ T = -w = 100 (+)

Force D;'ajraMS :

i




Ae,t Us de.tofe e Majm’fude 0‘/ The ’teflSi.O/L 'forces

1T =:A <« Jl) =:8B.

/

Y. ) breaKu'\j our f;rces Up In o COMPonQ/ttS 1

- = — 0 L
77 - a i) 1 a—‘LJ> ﬂd 7—; - 'b):) g & 62j>

Hence - :r7=—i‘?+~/_§’4;
e 2
T
= b = Beosl30° = 228

Heace AN EB’Z -+ :B-’?
2 23




So N (‘ew('\&l}\a ('7-> -

Ei“a (:"Aj Cor»tpouenfs :

-4 + BB = O : BA+B = o
2 2 2 pA

EO\VI)\j 'CLUS SﬁStc/Vl tjl.clds - A= 504,? 2 %: O |

-

— -

T. = 253"+ + 25 4




Dol 2

bicect eaclotler

L\Lt's danote e \Aa|£ maui ?o\'m’c ée 'UAQ..

cord DB b:j T  ad e l/la/fwag Pont D’K Tue.

Ouwr
We

We

CA by L

clane s that P =7To .

Cor  See DB = K +v , so to jet to 7,



het's \'e:‘)(esz/\f: tue vector —CT)A bj w
We can See That To 3et to 2 >5t0~rt"’\3

from D 3 e ‘fol(ou.) 3 ard Uen _'i:")

So 5 \n componen{:s:
P = D+ —2'(74"-(—33)
oad
o= D+ U + B

%U.t W Con See. 'Erom T d\\a,afqrux. 'UJLa.at

-2 —> —

w = —w 1+ v .
So P = D+ wu+ (@D
= D -+ //z(zz-l——‘lj)

F

= P

l



3. Dot ?roduct ‘i, Cross (:Produc,t -

—> —>
Motivation . Say T hawe &wo vactors 4 ad T,

aAd T Wow /d “{lKQ £o Know "

How  much of By Pov'LtS n the direckion oi L_Z?

let's call tis : Proj (V)

rBu,(’. how Coa we f\'&cl a £ormuJQ ‘eof ?rojaa({?) .;

Well | £ we Knew O , we could £id It's &nj’ﬂal

Assuw. 9,
s acute
N Aot)

USe -V

bet's  call tuis Lengtle | compy (F) = llprogp ()
So

> lﬂ,Ow Caon LA f/ncf =, ?



CRQcau Z Coare Rule -

¢ =a*+b*-2abcosC

= | D-2UF = IS0+ 1z20°F - 2080012 cos ©

é(w,-u,)z+ ('u,-u_z)z-f(v;-ux)z = VWt vl Vs o+ W Ut U

- 2 NINZ ) cos ©
2 =2V U — 2VUy — 2Vals = = 2IWNIEN cos ©
= Vil o+ Vil + VUsUs = P NIR cosO
= cos® = VU + Vil + Vslds

v A,ssu.mimj

—

;v
—

ead W M=

ANOAN - ZR(CO .

2wl

This  motivates



’Defm‘.tiow: The Dot Product o‘g' twe veckors TV aad W

1S TVD-ZE = Vil + Vi + V3zlUs

:RQ.MQJ‘K - Hence we. See

cos® = .U
eI
OR
>.d = l=NZNcosd
F\ha/UJ :

comp (B) = IVllcoso = .«
‘ [l

Recadl  thak \Oj deft)tit{oa) Pl’oja(f?)) pomts i the

—

Same irecion as  w . Hence -

@rodi@’) = comp_%(q}).a :(?/.'JL )l _ (?z."cl )'IZ

(el &

=




qDFoPerbes o’f T Dok (?rodud:l

1) a-a=|af

2) a*b=b-a
3)a-(b+tc)=a-b+ta-c
4) (ca)b=c(a-b)=a" (cb)
5)0-a=0

NB - v oand W oM oeroyonal 1'1() and out,/7 :4 -

-
V..o = O

ExerCl'Se . whj )’




- . . —_ - . ,
Hotlvak\ok - G\U&A two vectors u? aud vV ) )Majlﬁ.t.

tjou wonte d a wecter whidi = ortb\oaov\al o lotin

n ord v Saj e ?eAC/ such o veltor - 3

- | .
Thewn - L.Ww=0 = T W = O
|

L T{ yow Solve s a\g&bralco.uﬂj) e easiest Soluutioa S -

N _ UaU Ve U - U= U‘s
T =Y v - V=2 Us
W (L{ U Aj. il )_ Ui Us
y = = - 3 -
| V3 \ v, Vs
U, U=
Wiz = W v, -V U, == v v,
ML U'L . ul U‘} U| U"L
Soe w = 1 —
© V2 Vs vV, Vs AN YRS 2
= 1 1 K
I«L, ul u;
v, Ve Vs

This motilvates e %//Mmj de_ﬁh/tiol/ti



Dedinition: T Cross Troduck of two vectors T ord T s -

% 1 K
zz’ x ’17 — H., ul u;
| v Va2 F

1#x VI = Area of shaded parallelogran

3 The direction o UxV Fllows tre Right #ad
Rule : T/ 2 i fie direction o 2% /0 de x
Lrcec ,  oud T s tle drection of pous ne ddlle
fager , then dx7 ponts it drection of

You r- thum b



Other QOPQFtieS '- Tf a ard _E) are. veckors "z c s a Scalar

Py

b = ]Zz“—g’s\m@

> | —

1) @ ard b ae /Pwa.u.a,( £ ad Mhiig axb = O

i) 1. axb=—(b x a)

. a

= Y N R VCR &

rDeg MK LoA

. (ca)Xb=c(axb)=a X (cb)
ax(bt+c¢c)=axb+axe
.(atb)xc=axct+tbXxc
(bxe¢)=(@xb) ¢
ax(bxc¢)=(a-c)b—(a-b)c

Tue veckor triple product 1= defired as: & -(bx2)

Re,mafk :

e can compute e volume A a

-

?ara//e/o/a//aea/ S/chmea/ éj a )Z a,«c/ 2, L(S('/LJ t‘/‘(

Vector

‘Lru‘p]e ’PfoduC'A .

\Jo lume (5? ,T; ,_8) = [Z.(-G x2) )




4. Lines and Plares -

\A)e Cor DRE 360Metricauj ’Uxal: a ‘e,fvtz, 'S wi%uo.lj

dC{»MJ )Oj a  Pport on e Ane ond tThe

direction of fue Aine (or )altematiuelj )Oj
two ponts  on te Aine )

Eclua/éion o’f L L(t) ';o + € 3 <Ved:or ‘PorM)

?eMarKSI

| ) w(, COA ‘HA\,IA K 4 ﬂ»"{s as o Cfitﬁ_f Q& fof a Pm}\t "to k
Owv ‘UAQ, /(,i.uz_ L <—> )CUU).NL = o JC* S\AJA

a

Hiat P = %o + £,



We COA a\so ‘tl,u}\K o’( 'UAIS aAs o Ma.d,uhe '
You a‘we v Qa \)aLuo. 61 t OAd K 3'\\&8 jou a

‘Poa?\k, on T JQ,ML L .

2.3. LN = -'_P?o'lrc‘):’b = ?é 1-;)5 S ow L
L(’") = P + T\'TJ‘ s on L

L(-3) = P -3 s o L

—>

T4 P, = (x,,%.iz,,) on~d "\3=(o.,b,c> )the.a-.

L) = (%), y@) 2E) ) = (xot ot , Yotbt , Zo+ck)
Where, e  aow  tank oA x(t), yl€) od z2(E) as

/7 \
COMPonub Mao[w}e_s\ .

Saj a pont  (x,4,2) s en L . Thea Theoe must be
some  tine ,  say tx ,  whee

X = %o + atx

Yy = Yo + bt Parametric equatious o L

2 = %e -+ QE*{-



ISo lat lhj t * -

We can alse see fF a0 x,vu,2 Smtidj e lact +tweo
equalities ﬂ"“y vorll be Qe components ai L(E) :eor

Some  time . 1. .

KX = KXp = 2"‘:’0 — T -Zo
a. b <

is OA eiu‘wa/(,uﬁ-t deSCt‘OIPtioa 0'{ = "&M iluoujL
?o = (Xo'(jo,Zg) wor O dire ction ’T)’ = (alélc) -

%esz Qre Qaul_d ’U.A.Q SstMﬁ.t\"\c ecLu,a.":ioa.S O'£ L. .



We can qeometiically see Guab o Ploe (P s described
wicludj bj a ?ov\t it contairs , and twe vectors
tuak  die i #.

Altemaiiuelj and  pone useful/j) P can be described
by a port it cmtans od a vector tuat s
orthojmal to e plae.

S | A OrU«oaoAaJ veckor & Teeerre.d to as be')\a

Norm al to & ) ard s u;aal/j denoted b‘j o

Cms/‘der the ’P/a-(g ﬁ be (ow 5, whiclh ceatains e

paoht ?o = (Xo, U" -?;a,) au.c/ Lla.s /la/ma»[ vector

” - (Q/A/C):

— 34

¥

o

Saﬁ P - (x,g,%) 1S oun v



—

Then - 7—; = PoP = (X-Xo,'j"':jo,%—%o) '(fec A ﬂ)

/) W

So we must  lhauve v 1 N
<> V.2 = O

D (X-xo,'j‘ﬂo)?'-—%o)’(a,b,(): O

<= a.(&—’(o)+ b(‘ﬂ"‘.“a)’{' ¢(?.--7_'o):o

P oox + by + < = &xo+ byt C2o

The above U\A'\C['uﬂ.,lj desc ribes A (cw'é’e/ia) .

KemarK : We axe usun.uﬂj jiuqu\ Plore s Ion eﬂlua»(:n'w.s A e
“earM‘. Qx+b'j+(.¥:=d :
Hoe o is qust  aXet by + e CS\MF\{Q{QC\).

\YBI e Con rch‘ o‘ef W = {a,_lg) C ) :)P/om tbll's QCLMG/{‘.OV\ .
=



EXaMple . A. normai VQCtor ‘t.b M ’Plaﬁ{ ai\}Q& lod

P 2x+y-2=00 s R=02,1,-1)
Anothes 1S /'U_)_—_QM‘Z,—Z>_ wl’“‘[?

EXQ(‘C\ASQ . G.\M.A 3 ’\DO{AE,S ) \Aow woqu ‘-JO(L ‘E\}Ld ‘tU-L

P\ou_& C,On‘l:a.\'« \‘/\3 The m F

Kemawk - The aAJ/Q between two Plaes can  be foud Aj 79,,;0/7

ﬂ"{ a‘ﬁle bd’wee«\ 'CL.QN rgspect\\}Q /LD/'MoJ

Veckors .



()

ff two 'pleQS A terseck to aiv{ a *tu'vuz ) aou
Conr fnh d (. «f.m's direction UQC‘:or \oj ta¥ '/\j Tl
Cross ?wducé .. e rormal vectosrs ot tue plowes .

=i —>- —
vV — M.)XA‘Z

Altﬁfm{’ivellj, you CaA f/j "ien'o’ fLLQ syMMQ,fI‘l'c, Qtl'S
0'{ (e '&M b‘j MM;P“"‘”&";S Ure Q?ua.};ious a-f

botie  plases (‘twfouaﬂ ?(oueu> .

The  Fopmada For e distace of a pont to a

?/M (S




5. Veckor TFunrckions ard Space Curves :

For ws

) these ae  two differe,lt ways 04 ﬂAw’AKnhj
aJoou.f tLQ Sane ’UA.'Aj ( a ’fmct[ow versus it's 3‘“?"")

ree) = (x(6), (), 2¢O )
You can  tak  abat  r(E)  as  being fue position
0/{' a ?wticle ok time T (a.uouu '/\ejaiive time,“>.

Exqmplef () = ( Cos(t), S{a(t)) -t )

/Draw "UA;S SFQCQ Cul ve /Mec.fof \JO.\U-!LC‘ :eWCbOA/ Paltl(/(ﬂ—

tfaj ec to{j :

So’l.‘




6' ’DCII.VO.(',I‘VQS c/-r/ S?:ace C(_._UV‘CQ .

T4 r(e) = (x(t), y(t), Z(t)) , then

() vk = (x‘(t), Yy'(e), Zz (€) >
() @ = (), yre) 2 )
(2) erdt = (fxu:)dt/ jyzt)o/t / /z(tk/(:)

,RQMCUK" Tf w consider (&) to be e ?os'\h'o-/\ a‘e

a pwtide at bme T, e T = V) s its

Ve,locitj oo r'"(t) = alt) i its acceleration .

T { u (e ) on d v (6D ore. vector value d fuct(ows

)

W (Gw) o)) = W) B + a) vE)
(1) (A x T = TUe)x V(L) + UE) LB
(i) (e)alr))] = RE)d(e) + 2D w'lt)

b (20t)) = F@WE(EE))



Defini Eion -

The tmge)\t e to v ok Po = vV(ite) & e

XW. cowia\'mx'ma Yo wlh  direckion vedtor () -

L%LS) = P+ sv'(ko) s

)




Examp\e : Fiad (3 'QQ&SUA 04 The arc 0/’£ The

dradas Uiz v8) = (cosl®) snl€), t ) Fom  the

port  (1,0,0) to (,0,27) ad Front
G,0,0) % (,0,4m)

Sola




¥ .

TNB Frame

COAS\'C‘QI the Spacc cuswe r (k) -

L3

%

(&)

s
/

g

Gool To describe the //slaa?e of e cucue“.

QQMOJKI T Curwe s S\/\.O.P(.C‘ A\Qge_rutlj ak eac/b.

poat  v(E) ;S0 whatews destripbion we Come up
wita £ s #3ood“ will Vasy roM pomt to ?otht
1.2, vy withh  time

Idea p Ou-e p/'ecc 0’{ ;)Lforma/(:l‘on ﬂta/f ﬁea.( Uus

Some taia 3 doout (e sl,mpe a@ e cwuve 1S wWhae
'f IS /,’PO In ‘]‘_\.nj A / ’ ﬁAQ C//lfeéél.d’l 't/.S MKJ "’ a,é,
ot eacl pont .



2-e. we sueuld consider e

PBul v (t) Wo-s o Mo.av\'\{:ugClQ w W ela (VN 24 dow\ t

)

Care oloouk . '”A,ig ) Nhj wWwe Councer buc;elues

with The Unit 7mj&t Vector

T = v(E)
lrce |

Remask ©  Here e are assumuiﬁ our pwtide neves //Séo/os

. \ .
MOV\'\3 . 7-2 . r(e) # O '{2/ mj é :

Le,t'S cons der bt.ow T(t) Vorsies witlha tTime
L3

<(k3)

N
T(t) }\d’
i .
T(t) , (&)



:Rgmggtf We caon see  at (e Places where Tlre

cCucwe 1 mMmost - CLU‘V‘Qd

) taat TCE) c_l/\auujes diceckion

1uif€ Pa,ffo/{y.
Ths 3:’1&3 us ar  idea a’l how The curve s

”‘]DQ/\J\}\S“ ak O *Pon’/\‘t. This pmotivates e fﬂaﬂt"‘j &3//4:'6&:

/Deim;boﬂ - The  wuat Normal to ot a rpo.h’c

() s 3\\;0_,& bj

V(t) = TUlE)
[T &)

Re mavK N(e) 1L T(E) Por ald t .

r])eka‘\box\ . We d?—fv'\e tlm. unié 3540:‘:\«] fo I 0'6

T (k) bj .

BE) = T(&) x N(K)

Remark : BUE) 1 TU) and N(t) Hor all £ .




To Summanze \ Yisualize

'For a Para/netr/'.SeJ Cucve r€e)
Uait Tanje,,t : T G "= )
\r’(t)l
Uai t Nor mal N(t) : = T.(t)
| T/ |
@ s a
i B al B(t) : = T(t) X N(t’) :
Lok ot "'iﬁia Terrible N’jhtma.r(
[ (t)
N ()
Gl )
N = TEE) = NEE)
Can show: 1) | r"¢) =:QW) = a (@) T(E) + au(€)N(t)
crR Z0
;) | BE) = wite) x ented
je=b e et CED)
but it's

3) | N(B)

) x T (¢t)

Not ~ad Tocia\j




NB: * Whan jou are asKed to colculake these cz,ua»t"ties ) The abor
fofmdas MaKe tsz a Aot easier
’ If You ore a.s/Qa’ to Q\)qlu.ahﬁ e se Ok (4 1 3\0&& ?mkt )

a,Lwajs evaluate (X)) aud r(t) at 'Pm"\t f\:st arnd tlea compute !

) are) = ') - e aw(t) = Ir'er x v () |
lr'tt) | | = () |
) Terck Ault) = Jlxtt)|‘— ar(€)*

Defmlhoui Tl ?\ana ok o ?ov'\{: r(to) o N o

Space Curue T determined bj N(te) oxd Blks) s

Called e  Normad Plore o8 = ak T (ko)

e < TN normal to Qs 'P\o.u_

(“ZQMa}‘ki Tt cownsists J( ol ALines a8 to tle {:@tjuf

Lino.



Fia 1 Normal ?lm

r(t)

':Defemib'on " M OSCU./G/{',HL? ?/M O‘{ O (e C
('Pafameﬁm'?;ec‘ bj r(’c)) at X ’FOM{'. Po = T (ko)

s e Plare dete rmne o loj T (ts) ond N (to)

SMO{*LAE '. ' V’({;o) X Vn(‘&o) 'S /lorMa.i t,o s ’P'GAQ. :

.
— MR

—

,Eemafk . I‘Af,u,:.f/'ue,{yl fl\a OSC(J-[O/éVij P’M /S a"'e—

?/m (ot cones closest to corta "ij Wi 0'/

ﬂ'e Cws Mg near ;Z .



Ei 7L = OSculaJC\)tj ?\cue.

(&)

r"(to) b l"v(ko)




[ fecap

l/\)l/laft WQ‘U'Q Seen So far .

= Tuackioas o/£ several vaiiabes

£ m®" > T
- Gay) > £(x4)

" ® —— TR
: (7‘\‘1(%7 > 3(X\"1 |%‘)

Ke mark - (5 Vo@\u. o»ﬁ f wack 1 0AS

f:r" > T
C(ay) > £(xy)

S\M Cise ‘to /Ccuorp'\e.s of” ,‘£>ud Q ace>s .
T tecu.\u_auj uok
alwa.:js true .
(sm.eb\ al 2 = x* +k17‘
£(X!‘1): X ,‘_‘jz . | 3



5 LooKed ak level Se:ts/cwue.sz

=
Z. - 7(1 +jz
l —
S |
l.= TSN y
\\J Rxy)=¢,

) f(xl"f)"

L'> L"MitS a-a\.c{ Coml:\'r\w"(:\j ior :eu&ctl'ows O'{’ S&\)QSOJ- V&‘iO’O‘eS-

L” CPCV('Z'O.I ’Deriva},]ve,s .

?CMQ/K . T:or 1N l:u.otmm fPurPoseS‘ B ‘jm Can 'thnk c" Df as
3
how e value O’f £(X'j) C,lAaAje_S '\g we \)CUL:S Y ard

kﬂ.e_P X "fl'xe,o/.

Exauvt.?\e. . "‘e(%\%\ = x“ 4 ‘jz

B)? _ _ ! _ ‘
Ej-(x\w\ = 24 = %(0.0)— O z %(D.O: 1



Tf e restrict to T
Pwple curve (fixed x=0)
e Con _e {lre_
‘taAﬂeAL to 'UA‘aS UL Ul
1S hori zontal .

Tf we restrick  to Uas
2 = 5t ,Hj?- ’Puﬁp\c (uive (‘fimd xzo)
We cox see T ta—'ﬂu’(
to  ts cwee Whas
QA u,Pwa»d S(ope o’{
2 (1e e hequt,
‘7—‘) S C,Lga«julj al, &
= raje o'le 1 akt tws
ponrk on Twis c.uu\)Q\ .

@u&btiov\ . What Is Qf (O//) 2
% '

Con \jOUL Sel_ w\'\/j groo\»\ The ’\)'\ctw’e— ?



RQMoJKL "T:unc’(_’\oms cS‘( Swoal Uosiables are seansitivwa -l;o

\

multiple i puts (f even Aineasr combinakions O‘E ‘U/-&M)

Exam ples :




§ 14 Chaia Rule -

CSOOIS :For ’Tc-)o/aj :

Voriables.
7-) MSQ ‘U/U S t,D emed OC ’.PIQ\) ious K»ow |€d3< A

Imph'cit 'Differeatiai(ow .

/KQCO.M: T (adc. T Lye <ee \ow to break Coup\\(aﬂa

N'a/eiOVlSL\fPS ‘be’( wheew a S{Aj\e 'N Pu.k, g a/‘-d O

Sing\e, output F(x)

x — L) F —5*—:(1)

fgg b«eak(r\j it anto a chan o& Simp lev processes :



. N g é
x — | — q(x] —> — 256 )
% ol Gl ““

Sucla Thak F X} = f(@(x))
-2 - F - %E 0 g

We arrived at tHw one c//?'densioaaz( clian  rude :

(7903)'(1) = ?e’(ﬁ(lﬂ 3'(1)

So ) "(Q,{.‘S «Procezd \piu./\ ouSl O\oiut'\\k,% ‘gor tbu‘s lecbwe:

Exam;ole: 3aj we wort to des'\jv\ a new daav .

What  will  determine /Mf/ucnct t's fop SPQCQ/Z



') Weiglat (w)

2) Aero dﬂﬂaﬂl | C eeeicieacts (s)
3) E njtifte, q)owe.r (P)
¥) Tire grip (3

'5) _rrmsmissio.n eee'\cigaqj ('(‘.)

Sa.j F s ows toP S?QAacf —euuLc.t\oa\,.
Algebraically it migut Lok sometiong dike

(5+P+ £)9

F(\&.S‘?\ﬂ‘ty = —

Do JF wowld  be

JF would  be

Auk '\?( we Bk g ijef &&pﬂ' ) eadn vanalde w.s\?.g\t

Cowld de]?caq' on otler Voriaddes -



) Wequk -
J G ’Densitj A matefial (8>
I.-», gurfa.«_ Area 52 Ca.f CA)

2,) Aero—dtjnamic ngicie:\c:l . . JQC Moo oﬂ Co G’c)

& ”(\30\cr0t»»'¢ms'su o'{» Cos (l\)>

5) 'ij(}le. ’POWQf .
C- Number dQ' Cj‘(\"\de—’“s (C)
L Size clc e_nﬂ\)\g Q%)

Q\ Tire cirip -
% Thread C‘cpﬂA (dB
S Tire Size (Z>
© Material deasity (m)

6) ‘TrMQM;SQ.\QA, :

L, N bes a‘ Cﬁé (0‘)
Ls Friction betueen Cojﬁ (JLB '

L\}C Con N;p/\e_se/\ﬁ M d&pe/\ale/\cie; bj Wl‘{f,/ha

W(E/A) ) S(&,M) 5 ’P(C\%) ) 3(0\,7:,!\'\3 ) ‘{:(0‘//0()



So nNOow we cor Tt o& e maduwie Quabk kakes AL Volwes Lo

(?,A)M)C,‘Z‘)d)t)l\l\>6');() ard Spits  oul e

Corrzs?oaal«.&j J(.oP SPQQQ’ ;

H(e,A,w,c,f)d,c)M>a-,;()

Tuws  madrwie  would have VY Comp licaked relakionswips
wi all o e var akbles 't defu.ds o .
So  we trj to break bt wko a dunaw df' simf/ef

Mao{m&es



(€»A>'°>C,?—‘)d>t A "');()

v

1

i

\ /

G(e,A)}o)c,—z)d - = )M>o-)}(>
I

( w(p &) ,s(Ac,N)/ P(c.%3 . ‘a(d.‘L,M)) t (5,4 ) )

4

Fluwlea),s(an), p(«2) ;a@zm) tis,4) 3



hat H= F oG

the mudtivaiable chas role Sajg :

I

oF o>
ow 9p 2p ¢

Q
Q

)

%

—

Je

—

2t op

ow = 2£95+_af_2_?_+ Q_ED%+ oF . Jt
oS



Taw 3{,/\2)’0.1 ; The Clhan /RM\Q

T§ w e a diffeatiabl Fuickion o w variables @ Xy Xz, X

ond  eacl Xy is  a differertiable fuaction J ™M vasiables -

‘k.,‘tz/.-.,{_m ; "UAQA w 1S a ‘?Md.ao-f\ al JC.,'L'L,...,'(:M
oad
ot, X, i Xz 4 R Pt

QQ_MOU'K'- ‘Don't worly too mudr aloont s ’{a‘Muld.. Tt is vey
je/'efw‘ , ard  we ae Main\\3 concerved with  The

’go{jow:)\j ‘two Vs Slons ) W bk COHQSPOV\A to 'OAQ CasSes :




\
y \

Ausk t

I¢f we have a #wc(‘.im E '-121 — T  Flxuy ) ) AAQ/
e ore 3ive_n X = S(t) y Y= W (%) , re. X oud Y AN
Now considesed to  be fu.t kions o € , We caa  wiite

Z(E) = 'Q(g(t),ldl.t)x .te we have e Process -

£ [0 | —— (O, u)) | #5230, W)

Combined ¢o-

t — Z — z(t) G f(g(t),uﬂ))

And we wat to see low seaskive 2(1) g to a claauje

dz (1 = of d dh
(¢) = 2 (3(t),'4(t))-&%(t) + g—j(j(t),h(t)) =iy

Mo«q COMPG-C.,Uj .

%}(t) = F (), k(t))q'(t) + ?y(jm,h(t” h'(t)




EX&MP\QS :

|) 3.(6 pts) If z = f(x,y), where f is differentiable, and « = g¢g(t).y = h(t), g(1) = 3,
h(l) =4, ¢'(1) = -2, h'(1) =5, fz(3,4) =7 and f,(3,4) = 6. Find dz/dt when { = 1.

(a) 13 (b) 44 (¢) 32 (d) 23 (e) 16

%o]ﬁf (/’Iust t">

So x=9(t) |, y= k() and heace Z(t)= =ﬂ(3(t),htt\).

'Bj the ‘fiormula 1

= £.(3 ,4) (-2) +fj(3,4)(6)
= #(-2) + 6(5)

= &



7/ -
S ard t -

Ie we lWave a fu&ct\'ovx £ R — B ) :g("“") ond e

a  given x = gl(st) ;, y=ht) | 1e = 1oy

I

ore Considered to be fuuo{’\ows 04- s ad T . we Can

wri te z(st) = ¥ (3("5\’(\,\'\(3&\) 1¢. we haw

(S’t) — (S'L) — (3(5&),‘&(5&)) EE— :f — :e(ﬁ(slt),h(slt))

COMbt)\ed to -

Sit) —| % — Z(s:t) (‘: f(g(s.ﬂ,b(s.t)))

Add e warl tp see how <eagitve Z(St) w tp a CL\OASQ mw S ort:

?;)_it(s't) _ %{ (3(s,t3,h(s.t))- %(5,-{—) -+ %(cs(s\t\,k(s.t\) %‘i‘ (Slt)

Z
|

,99_2_(3.1) . %i;((g(sm,\.(s‘t))- A (30t + %(ﬂ(s.a,m,a)g-:(w




2) 5.(6 pts) Let f(z,y) be a function of z(s,t) = st and y(s.t) = 2s +t. If you know that
f=(1.3) =2 and f,(1,3) = —3 then what is @f/0s at when s =1 and t = 17

(a) -1 (b) not enough information to determine the value
(c) 3 (d) -4
(e) O

Sglii (/'S oar d t">

Here we an given x = x(st) = st ad Y= ylsit) = 2s+t .
MCQ Z(Snt) - 'E (X(S\t) )\j(Stt.)).
We one asKed £or QZ (\\l) -

oS

Bj the Fformula

22 (n0) = (%0, g0m) 2 () + f(x0,g00)) 2 (1)
9s s s

(s:8) = s€ = A=t
S

'HQI\CE X(\\\\: l i‘ %E(I\\\: ‘

= Y = 2
y(sk) = 2s +t = 5;(s.t)

Hencee  y(1v1) =3 B() =2

|

> 2 = H08)() + (13 (@) = (2)()+(3)(2)

S



Implic_it Differeatiak ion /“\)QCQM \A Cale . e Leasne d

o to f\/\ d {':azﬁu’c S to CuJ LS de«e Aed lo:(
ecLu.w&;O./LS . e-q. X+ Xy = 2 «jz
’B'j ’b‘ﬁ‘lt‘\/lj 5 ((oca/uy) as ot fWC»él'ou dl X

we wesre. able 4o Fiid 09

dx
e.q.
This s net the Xx*+y® = |

graph & a fucdion /\\ K 2X+2‘j§%:0

Y=, buk > >dy_ = fr 4¢0.

we (oA wnite \J s J

Y ’{Dmuj as tde?uASomj.

a fuud:(m al' X ] wuj 1
q = Jv-x'  aromd red point

Let's  eapply  what wr've Leasned  abouk chan rule.
Let's tawk oy & e  fudin b x (Locally).

So el CoA sk A machne

X — > (xl‘j(_X))

het ‘s q0 back to  our example (W :



EX«MP|C’. chl The slope. O/{' ’UMZ {M\j@»t ’tWQ to ﬂAQ

curve xl -+ th :Z!jz ok 'tl-AQ ’PO\?'\t L‘ol) .

SolA - We il éﬂj to oukline & 30\2141 metlod e

Skep L+ Bring cuoytaing to e LHS
X"—*suj-?,«j?':O (%)

Dtep 2 1 Lek  Fxivq) = LHS .
Flx,u) = ®¥4xy-24°

Tdea - Tf j s a Pudoon 0{ x . w& coa TUwnK d" e  LHS

)

as ‘F(x)tj(xl). N“\'tuha s as a chan -

X — s (% 40) —— = F(xy(x)

From e /'j'u.st £ chain rule (\m&”t:x\‘y ,'nf we take

te ckrivakive of F(M"fﬁﬂ) wrt.  x  we get:

Alx,400) 26O+ Fy(x,460) 9 (x)

e —
2.

= Fx('xtfj(X)) + -‘Fjj(x.q(%)) j_i(%) (*>

%U/f (%) Sajs F(?Mb,(ﬂ)) = O on tuis Cwve .



o fuat desiakijve we 301‘. )(*) should be zZero.

)

le. Fe(xq00) £ Fy(x406)) %(X) = 0

%O\U\hﬂ -’go(‘ C_'li
dX

é_‘é_(x) = :F" (X.bj(x\3
dx Fﬁ (x‘q(x\)
MOM COAA?0.0U(j
dy _ —F
T ()

TF you are  wot  Comcermed  witlh TUueory, you can  qust
memorize Bae formuda 2 bhe  pwple box and  proceed:
Step 3© F(x.y) = 2x +Y

Fylxy) = % - By

(*)__; 0"5 - _ (Zx +‘j)

dx X-Luj

> Bn= -2 = IH
dx

Ajau}\ , W [agn Mswd\:f\s a cl_ukst&o\a y 9o Stfaijbt £¢o0r Step?.
to  Step 3



Even more vasiobles :  TF instead of havnq a fuuckion

defoe & Syt z=flx4) |, what * we

wese -Sust jiuu ar e‘iuailow

€.q. Z*+ Ixz + d4yz = Z xy

Undes cectain  circpmstorces (wicdkh oWl always be sakisfied ia
Exomples e See A s C_ouusg_v W con tank & 2z as
b&h3 "(.oca.uj a fu«cl:;Ov\ o‘ﬁ x T 94 -

6.3.

'ﬂm‘s is net e
31*0?1;\ a" a guuobws

2=%(x,vq), but |

We (ar wiite \

{ocally as o fuudbion

H+ o« ¢ y 2= J\—xt—%‘j "arond tre red pont.

\

Let's  apply whot we've deamed abpuk chan rule.
let's ank o 2 as a  fuckim o x  ard la ({Oca»u‘f)‘

So Tl CoA sk A D madne

(x.y) — > (X.‘j,%(x>°j))




’Bowk- o our exa_wv?k .

Example : Fnd 22 ak (l, - %/ l ) for the swlace
X

described bjt Zh Zole & BYE = Z Xy

Aside :
Twrs ”is a qreple A
tle Swgacz\.‘ﬁ

Whot does 22
9 X

”MeM“ 0«»&, (\\-%l‘\ ?.

Sola We  will aja"" tnj to gve o 3@«/4’» mellod here |

wilh  Some  Motivakion [explarakion betweea skep 2 ord Skep 5
w b, ek ou  Cox n'jnom ¥4 You're  not mterested .
Step 1. Gatiwr everytung to tla LHS.
2"+ Zxz + 3yz - 2xy = O (%)
SEQPZZ Let Flx,y,z) = LHS

F(x.qlzt)‘-‘-’i"-\- Lxz + 33% - quj



idea: T4 Z s a :euck(ov\ 04 X u—dfj) wWe Can tbu;\\'—&l‘

the  LHS as F(x.q, Z(X.Ul\) : L\)r\'{;ti\ﬂ this as a dhan:

v

>(><.b',2(x.~ﬂ\ S >3F(7<.'»1,Z(XM\)

(Xiv)

\«)Q C oan =ee Wow Seaci bive s Q’\.Cl ou.kPuk S to a c}«a.nﬂ{ A

A \o\j us\kﬂ chan  rule (\mg smilas Lo S ard £ casa p

B (24,2204 )) %i(x,q) + Fy(xu, 2=y )) %(x.~13+ Fa(x.u,2(x4)) 22 (x.9)
?x

(e —
\\ 1\
1 \o

— Fx(x.j,%(xw\) + 'Fg(x.‘-(,l(xn-ﬂ) %@.(x,'—;) (3¢)
X

Bt (%) scujs F (X.t‘h%(xl“ﬂ) = O on s sw?—ace) So it's
pavhc»{ derivative w-.r. t. X slowld be =zero .

7.2 . bj (3+) we.  hawve

FX()(n\j,%(Xl‘-“) + ‘F%(Xl‘-f'l()(lﬂ-')) i%_(x'(_') g O
ox
]?SO\&&/(Aj 22. (x,'-;) weo GJ IR ak, °

O X



ﬁ(xﬁ) - —Fx(%.‘-],’t(xu‘\)
ox Fa(X.“’,I(K.q\)

@ - H (%)

APPH fQ\Q\laAt ’eoﬂutu.iq A ")w?lg box.
Fx(xtq.%\ — 22'2‘3

Fz (xq2) = 22 +2x + 34

e 9_2 _ —(22'—233-
dx Z2+2X+3j
do ) ek (1,-2,1)

\v.D)
Y
l
>0
0 |09




Exam\ple :

2.(6 pts) Use implicit differentiation to find 9z/0z when zz + 2% = v.

2 —2 0z Y
£ = Bl e
() or x+2z (b) or x+z
2 - dz y—=z
O = d) —=
(€) dr 2z (d) or x+22
Jdz y—ux
(€) Ox 22

Exam Question Method -

Step L 0 xz2 42" -y =0
Step 2@ F(x,y,2) = X2 +Z -4
Stf.‘?s . Fx(x"’ll%> = Z

'F%(X-m%) = X + 12

Stq) L "



CPTOHQI\A Session 1 -

Defimbion - VPx2) = (Blxn) By (xu2), felxiur))

/“A.Q.omj : I/ a mtgac_e_ S 1S Sim \93 .F(X"‘//t.) =C )

and (~ S oL '\)o\'t\’t on 1The Suvy Bace ) ﬂa‘-&k

VE(r) & nomal to tle tasgeat plate to the suctace

Yﬁ—‘(?)
ai: P . T o 3._,,{ l‘;‘;’:c&

gPec{al (ase - TE£ S i e 3raP\A d’f' a Qu.nc,’(,'\om'- Z 33("'“1),

deg\'/\c, F(x,4i12) = z-j(xuﬂ. Se S s aow givea bﬂ

F(XMJ\‘Q:): O ) a/LJ LLQACQ zor ou_y POI}\t P on S
VE(P) = (’Sx) -3y, \) s normal  to te 'td{?en‘l; 'Pldde 1o
He sucfae ot =2

%-ortji v}’(f’) Pa,&fs % ﬂc( d?ccfiou WAAEA will (ause ﬂ'e—

3featest rake P4 Cl*aﬁz m e oat,aa{s of F “pear" p.



Formula : TF x=qle), y = h(t) ard Z(t) = f(g(,t), A(,t)) :

gf(t) = % (30), k() 9'(t) + £ (gl u(e)) k(2D

ForMuJ.a, . If X = j(S/f) ) 7 = A(S/t) ard Z(S.t) = f(?[sl‘(’)/ A[S,f)):

22 (s.t) = '%i (3(s.t3 ; L(&t))- %9{(5,{) -+ %(a(&ﬂ,k(&t\) g“t (%tt)

Z
|

%:_(s.t) %f((g(s.tw,k(s‘tﬂ- B (set) + %‘3(3(s.t\,u(s.t\) ok (sit)

Formula

= %[XN{,%‘). a

E

'DLZQ(XM.%\T— V;Z‘E("t"hf) — ﬁ(x,q,i\- =

=3

\

\

Meblod: TZ two sutfaces S : F(xwq2)= C, - D G(xeviz)=(,

interseck ak « Fo\‘mt P,y @ diveckion -Qor (s "fmﬂut

“(iu. to fb&. Curwe O/f’ \x{:e_rsec_tiov\ aJC P Can be S‘lw

bj v = VF(pP) x V& (P)

ForMu—(a,s'. If a m«pace, 15 3{\;0. loj F(x.q,2) =C
9_% = -_:FL 5 QE = —¥y
X ‘F% ' 9_" r.%




K\PFO‘}D'QM Session 2

Mof‘lji ’If oo funct'\ov\ Whas Qa (.oca.l. MAXIMUM  oF A [ocaﬂ

MIAN AU ok a 'Po\h‘t P tlhen Vf(?\z O .

"-Dﬁgl'/\'\‘t{om K A ?olht P 1S Ca_ue,d a L\'itiCal ’Pol"\t ofwe

R HOERS

NE : Criticai ?oli\ks Vteed nok  be Locai MaAX . oFf MINS |

HetlUed: Suppose that ¥ is o ‘nice’ Furcton | aud that

P 1S a crn'ti@l ’Po/flt of f . ;f(P)?—_O’

'Degnhe 'D(x.t-,) - fxx (Xl‘f)fjj()(ﬂ‘/) - {Xy(xl‘f )2. y or

equvaletly: Fx (x07) fxy (x14)
Dlxiy) =

f’u{ (Xl“/) fﬁ (X.‘!)

Thea -
(‘l) Ie D) > O ond fxx(?) ~ O )g has a w»ﬁ\.- at P .
(i) T8 D) > 0  od fux(P1 240 | ¥ has a ool may. ot P

(i) T& D(P) < O £ e a saddle ?omt ot p.

)



HQEL&OA'- TO fl)\d ‘UAQ abSO)utE, Ma.x./Min. Of A 'puacfiow f oOne

(/3 C (ose_cl set w hose boou. da.zy IS Made U-P 0‘{ S ti‘a,;gkg

Lines (e.g. a triagle or Sq_u.a(e,)l
Step L : Fud  all critical ponts of £
Step 2 © Evaluate # o these ponts ) ignorinq onmes thak
are  oukside of e region -
Step 3 Evaluate f ot eack “ corner .
Stepl : Pk a sik A the bowdary ad  write it as
= mxc  For x values 4 some itervad (i tue side is
vertical | write it as x=kK ).
Step 5 °  Debiae  h(x) = Flx,mx+<)  (or gy)= £(k))
Step 6+ Find sl critical pomts of ki L'(x)=0 n
the  interval Por x  ( or %:o \
Step 7 :  Evaluate W at eack  crikical ponk (Lo 33 .
Step 8 ° Do ws Yor eadn aide

Ste—p q: Pck out ta absolube max. aud absolute min.



Met lod : To fiid te mMaximum ard minimusm yolues P a

fmc‘tiov\ f ) waje.c_t ‘60 a Cokstra\)\t 3(7(&“%\ = K

Step 1 Tid oL (xiq,72) suc thet thee s a A€®& |

A

VP(xwt) = Agg(xu%,f\

ard 8(%(‘4{'—&) = K

Step 2 Evaluate F at flese poits axd pick out e

Ma x » MmN Md M;A;MuM \JaJu.LS .

Met Liod : To fiid tue Maximum ard pinimusms  yolues 5& &

fw.c’ciov\ £ ; wajec{: toe two constrants:

3(7(&1.1\ = K ouu& \/\(x‘q,%\=“€

Step 1L : Tud all (x:4,2) suck thet thee is a ;(%.Melk)

A

VE(xtit) = AVq(xiqi2) + Thix,y,2)

|
:
[

q( x4, ) = K ord Wix.q,z2)=<4L

%beP 2 Evaluate *% at buese PoAtS and pick out tha wax \wmia volwes.



Met Led To fird the absolute max. [min . of a 'puacfiow f on

a Closed set  hese baou.dary s giwa by a curve

glxy,2) = K (e.g. ar ellipse or a disc_).'

Step 1 Fud  all critical ponts of £

Step 2 © Evaluate ¥ af these ponts | ignorinq omes thak
are  oukside of the region -

Skep 3 Apply e method of LAije Mltipliers  to
4id Fhe maxirmuna /M/A;'Muou o/f f on Lhe
bouAa’ar] glxiyq,2) = K te. subject to te
Constrant  gqlxiq2) =K .

Step L: Pk ouwb the MaxiMum ord M mum yalues



?roble,u Dession D

%_oflji TH X v a regio.« e (‘21 ( M”Xj-?lﬁ"&:‘ ))

ard D 'S Sowre soli 4 S\tb)\a ‘A '\'23

/=
N

Area(ﬁ) = ” dA Volum(g): rrg d\
R

o

L Car 6€.si awn /zc fautﬁu-»(a,( COO"d\‘AWtC/S p

dA = dxdj dV = cl)(d\jc‘-l

In  Polar / Cyéma(rica,( Coordinates

dA = rdrdO dV = rdzdrdO

HQtlA.OCi3 Tt 1S almost o.\waoss w%tgul to s¥ekcdda (s

'\QS\OV\ o {Ate_gra,ﬁiow .



Types of Problems

l) CouPth ’tLQ aNe.a OQ O \‘e_cjiow ’E(_TR?';

Ex aMP\Q ; Fad  1le area fj Hee Fej[au j’.“‘“ bﬂ )

R = ?(X:‘j) , o0& X =72 )x’:"j‘:xz-’lx+¢-|7].

gg\uk'\m\ g
5& » A\
/boP j'x As,& . &,_ =-)(z+27<+‘f

= sz-ZX—L[:o

/ 2 DS x'-x-2 =0
/\). = x=2 or x=-|

- >
R 2
bOftaw = - X+ Y * "
4 {to,:
1 —x‘-t-Zx-i-l.' A _,‘1.'_2*_*"
Af‘ea(ﬂ): ][CIA:: // djdx = /5/; d,(
ﬁ 0 xz 0 %
s
bo'ttom
= g(-"*z"*" -x* ) dx = f—sz—er-rH o x
0 P
A
:'-2-x3+><2'+‘+></ -1b 3 4 +3  _ -2—_;?——
0 =



1 -x"42x+4

Remoac K : At This Sf«jci // djdx ) Yyouw shou K

n

/]
read Your varables of /Aéejrat"on 2o The awts»'de In

-x T 42Xx+Y

7.2 - Y ou are handed an Xo € Lo,27] - // dyo/x

J =X Outst de

T

(j: —)L1+7.><+L0'

and you ComPu-te e —eenjtln Of ‘ﬂ"'S C0ra/

E 3

which s - fdj =

/ ’E on j Xo

' > - (_x°2+ 2)‘0""‘( )— on
2 \

- -2)(02-1-2)(0"’ L'

YOU. do flq,.’g for oA x¢ o2\ - Leath o'{' kx—cord“: -2x1+2x*‘1)

U

ord :‘nteﬂra/l:e X oves (0628 to “shadk n the je,aow

Z

areq. Area (R) = J(— 2x* +21x +14 )dx = 2
0

This Way o thiking ook it car hadp you decide Your bouds
‘eor e acla a‘f your uarp'a,bles.



2> Iv\'tﬁjréu(‘,e a fu&o‘l,(o-f\ over a r‘eaion ?C—R‘l :

fxauv\?le: het's uwsee Tue. sSame region oS 'bceore

2

for Smpl'\clts R = ?(x,g) 0 XET X (.—Lja__-x‘-i-zx + 4 7]

Y 4
g=x
COM?th. f( R(xiu)d A
/12 R
; 2 \ *x w e ‘e(%\%\ = X
(j:—x"+z><+'+

Dol - Write bourds as beRore -

2 —x?42x+Y 2 -x P4 2x+Yy
[ trda = ([ ecmrdgdn = [ (x)dyax
2 0 x2 o %x*

X 41k +Y

dx

&

- [

= f K (x*+2x +u) — x(x*) dx

X

A
= S —2x3+2x1' + 4 dx
0

| 2 * |b
-1 _y 2 2z
= , X T 3x 4+ L

Nl

(o)



2) Fid

Vo lume

o

7N So]'ld :

Tind e Volume

F e

solid ba,ude_c‘ bj e ;P]ms :







?CMNK : gn'milal to hAP. are a ‘Pfoblem y e Coa Twak 6{- Tuis

Volume be-ha Constyucted bfj "P\'ch-éa (%Xe1Yo) o=/ Computnij e

V4 W

'{QIS{L\ 6‘ e cord aloave. (xo.yo) g

Tl"e.n ).n%eﬂraj'a' oved aﬂ (7(”_{) E [-H 11 X[—i: l‘B -E_o

glll |A S wi CDYd& :

%o«\uu, @-Mskfo¢5'. l) LI_O = Y 4+ Ib
1

1 A b
Ex?\m}\ Qtows Qe "Pic-t‘*‘e- \»)1*‘3 SS(A‘K -\j >A'jdx - -?

-\ =1

\'\\'ak,'. ’“4\\]\1 & S [ ) "a La.? Sik.b'»\s onn a \po%“.

2)  Assume £(xq) 20 on a region R. Why does fj#(x.ncm
R

= e Voluase ’tfaffec/“ wrakr e j/afk of £ ower RF



§Co/cwfus 7 . Fxam S MNotles:

':Po‘au‘ Coordo}uvtes "
4 A

We ' |
caw  represect the poat P o eiter  Castesion (1"3),
of  oolar : (~,@)  coordinates

We cax see  Frem the Pictwe et we Slheld have :

X = V(05O Y=Toind s i e

We adso haw. .

dA = vdr dO

? . . : -
eMasS K SOMQ. P&S\O\kg LA RL AN eavel ‘to

describe 1 Po!af coordMatQS



1
Example - Describe tis l‘eﬂ'\o/\ - %

)

RemasK : Hene 1t & Sometimes U.‘SQ‘P\J ts n}\bearake. oud

!\C,S\ oNs {z\ 12?' u-S\l% ’\)D(o,c coovcl\)\,ajce,s.

Ha&'s A ows {o switels f/om CoarteSian to polar

gg Flxiy) dxdfj = f{’ﬂ(f’cos@/rsl?\e) rded©
Rz

2(l‘u?!)

\ML\M /R(Ku() Mears The P(S\OA expres_kc‘ i cartersiaa Coorclniafz.sj

oud ’E(,,g) means ﬁac I‘eﬁfon exp&smc/ In Po/a/ cao/a'yiaxfu.



Tr ple T wt eSVaiS |

Concides a solid S cCR® -

Z M

///
= /37;

S

w

" g

\|o|uML(S> = g{g d\}

S

To u'f\tej»rauﬁe o fu.ul’»'ou\ f o a Solid S -

LN

S

Ta  Cactesar coprdinates - d\| = dxdydz ond

&

wi(s) = ([ dxdyde
S(mm)
“S FdV = J"ff f(ﬁf‘h%) O{Xdljd%

S(x“ui:)




Applicakions of  Double \Triple Tuteqrals :

2D: For a '.a.n«-/'\o\ (DC.."EQ wi del\ﬁi‘t'j fw-lk{o* Cb

Mas (o) = |[SdA = [ [ Suur) dcy = m

D Dix,yy

¢ Mbmt 04 LdMl;lQ w& B

X -ax: S - Mx = ff‘jg(an) clxc’-j

D(x Y

y-axis - Hj = j( xS(xN)c/xdj

’D(“l‘ﬂ

* Ceater ai Mass A D (f,t?) whare -

;Z ~ H‘! O.A.,d 3 p— Hx

i M

: MomA£ o«e Thertia arowd

k-axis o | Lk = J{ 'fllg(xt‘-{) dXd‘j Y-axis : ::‘j = [f x* 8 (x1y) d‘xel-.j

D(x\-ﬂ -b(suwl

orign i | Lo = Sg(x“rgz)g(x'*f)c‘xdg

D(! M)




30 For  a soid S ST witl dev\sittj fuuckion R -

Mass (s) = Hg S dV = fgj Rt t) AN yre) = M
N Stxgr2)

+ Momeats arourd  eacdh coorduake Ploae -

H“% = Sgg )Lg(XN‘(l%.)Cl\le,%‘_}_\
g(x.q,t\

e = 380 4 8Gae) dVeayan
g(xﬁ,%?

Moy = 3802 SGaa) dVey
g(x.q,%'h

'Cea‘ter a’a’;Hq,gsol S'. (X;%,Z> W e

— H —_ M
X = iz Yy = e

= = Mxy
» ) A ) >

Howw\,ts o\e Tuertia orowd eacd Cooroincate axis :

T« = //f(tj"“‘i"‘) §(xiq,2) dV

| (X423
(wm'.)l'ﬂ = //f (X"'F?'Z'z) S(xiq,2) dv(xlma\
Sty
Ty = //f (x*+ 9°) §(x19,2) dVCKm%\

S(’U‘ht)




/rl'\P\'Q, thﬁjl‘alg 1A Cj&\hd"kd COOT’CI\?LCLkﬁS .

2
N
oev , OEOELT , —00 4% 402
??:(7\90%)
I“ L= cosD
I
i&%
\__) I
© v
A
K 2 = Z
AV — rdzdvd O
(rie2)

j” f(x'“"%>0'\! - XS( :F(rcosa)vs\}\ejz) rdzdrd®

(x1q)2)

S(“m.i) S("l":%)

EX‘MF‘Q: (Old E xanm &l)




Tfip\( thzﬂrauls " SP\NU'\QOJ. Coordinpkes -

z

y -
= ewsesv\cp
7y
y= gs~o S\a

2 = ecosc?

= p*saedpdady

(8!9. @)

SU f(x.q4,2) d\

S(K“’(li’ \\

(_mm{)

J][f(ewses\f\ @ ,pSn® SIAp P cos ‘?) ezs\&‘Pc\ededtP

S(EM‘f)

ExaM.Ple : (0/0/ Exam €4 )




CL\M3€ A \)oJioJo\ec. w  Multivaiade Imt*(jrdS'.

het's de leUl'r'(. tasked oite "'tttﬂmk"\j Q fmcb'ovt f ove a

1A

(4
o . S § f(x.\ﬂdxdn& = 7
g(xn'\

’R May be VQIj Jlfficwl(: to desal'Be In Ca./étsi'avt Coordwnates -

(Rewus = 2 )

/77 N

e .
Buk Wl‘tjl"\Q we  lave & DiMples ek S CR 3 ord o N

Map T sudh ek T(S) = [

) T

= = uw \\)
We can use a okmﬁe o/ Varables T(u.V)-(X.lj) (xL ),3(\“

to lhl:egrazf,e over Ul S{MPler set S

Sgﬁ("'ﬂdxdj — S\f(x(uﬂ),‘j(uw)) 1 %((’:.‘33 indJv




whese Py 2 x

ol
3(74'\1\ — oV _ 91 % Yy ?i
2w ) ag _3_,5— ou Jv N 2
ou oV

t'"’“‘s is referred €o as the Hacobian ¢>2 e tm*sio""‘“’b‘b*'

ExaMpfe : Rican = ?(w—') ) oex e o.etj&zz, ) X=2W | Y= 2V.

'F:/;J ANa (ﬂ) .

Ln twition :




3D: T(u,viw) = (X(u,ww)/'j(%vnW) .?—(“""‘““33~

9()(1'-4,{)
J ( (‘f(’(l"":t)CJXJﬂdt = g g Sf(X(UIVIN))%(“|V|W)/2(UNnW)> alu.v,w) dudud\u
K(mwi) S(u.v. w)
Where x I
dw LA Jw
9(""’“‘2) - Di _9_"3_ Dg
Jluwviw) du v S
oz 92 9%
ou oV Iw

EXQMPIQ,S : (1) chubhdn’cw{ C oorGhates

(24 ) g? her cat coordunates




Vi

Remark © These  trawstormations map mwteriors to imteriors .

1-€. jj-ﬁ T Se,nc/S A ,:’Coo'p“ Cu an Tre wv - PlM ‘to

a /[o,,/o" C - n Daee Xy ?]M . ‘[ )

aﬁd I‘t Mafs ’UAQ, l‘eﬂto& lf\S\d‘L C\ ‘to T reﬂlo'\ “\aside

le:, kﬂi;

Example . ‘,/l,)e,b assijn ’Pafa/ub( Ojf‘aM ’P’OL/QM S.




Line Tute qraks -

21D lek € be a cueve n WY :pwauetcia;ul \mj Ft) = (xtt),yw))

for att Lb
~(b)

F()

Consmlu a —‘fwoéion f 12‘ — R and restrict The jrapk o!

f (Zo j‘*st tLLo.sQ 'PO\}\‘tS oqu Q_\\ .

i \

Sf(“"()ds = Area 04’ this * curtain
C




b
J'f(x.a)dx Ji’(x(t),g(t)) x'(t) dt
C a

I\

:
f(x.q) dy f 2 (xt0),4lt))y'(e)dt

N

Exa»p\{ ’




2D . Tf C s a cuve a "2%) pamuetrised btj

(L) =

(x(_t\,‘th))’t(t)) , 4 ct ¢ b -

X

C

Whare

b
gf(x\q.%)ds = gf(x(t\,g(t\,Z(t)) \V'LU( dt

lr@w ] = A Xt + g'le)® 4 2@

Ex aM,Ple :

Z

(

7

e

e(b)

C
r(“‘ﬂ;‘z" ]



Veckor Fields -

—

20 : A vector Qiclc\ on TR-L 1S a guu.uhm F  that for Mk& ’Pa;\t

(X\b() In ’21 AsSiSAs a wvector ?(qu) a,L M ‘PO\}\t "

us it /“% ..........
I . AR R R e RS EEEEEE DN
,'U_u“‘ NNNNNNY N~ r oy 7 7 S
X NNNNN NN s ARVt ianiiubnb NN
’\i':'lqu ANNNYN NN s pyin Rual
(A1) SR TR RN I A A Ay P NN
I CILA i ;;“Jl’ A U P ter’ ‘:::::A‘b
5 F Y Y A -~ vy X ...:::«—‘:: """" %
(Xs4) A A A A A s =~ NN G
4 I NN EEh NN N
7 (4.49) P ITE C S SR
PP ITE 2 N B B
S AR AR R SN S

3D A vector ﬁcgu on B i a ew«b'ow ? that gor ewuUYy pont

(x“"I%\ 1 TES a,S'i;jv\S a vector ;(xl"'/'t) at 'ﬂ’td-t Po“t .

v £ AT~
//_74? ’i: }
v 1N~

RQMNK The gfadimt o’(' o Bonckon 2. RO R ‘_7% "’(D,f ,Aﬁ ‘ng-)

(S a weckbor e'\Q_\A :

/Dee\x;t\or\ '. A \IQC,{O( fieU ? Is Called cmgz;\!al’,{uq ‘»Q M 1S

—

a Scalar fw:,élbw -:P SU.QL ﬂAa’t ? R V£




Line 1u\te¢3ra.l§ dJ' Veckor Fields -

Lot _i;: be a yeckos “e\'e,H on W:’ ord lek € be a cwve \kTRg.

T we  considy F te b a ,’Qorca £\'e\c\“ we Car askK :

)
Whak 15 T woerkK dona \o\j ? A MO\)\)\% o ’?th\'dQ ()Ly\j C?

Answer = T# r(e) = (x(t),4(1), () Jacteb parametrizes C, faen -

I\
e
mall
<A
0

%

b
W = K—ﬁ.c/? = S ?(\'(t))' vhk) dt
C. G

Whe !



Ig ? IS Tm " coupo.nu\ts bﬁ .
_]E(an.%\ = ('P(VM,-Z) ,@.(x'u,%) \E(X'Hn‘z))

—n — —_— —y
1.2 . F = ?i—rail—\-'RK : Yo

S?.AF = S?dx + &&dj + K?dz
c

C C c




The Furndamental Theorem ﬂo, L ixe ’I.,\te_jrals -.

’ Let C be A Smoolln Curwe 'Pal‘amtf\'ted bj r(t) , & et e b,
Le,(: f be a C{n'f/e(‘e/vfia.,é/e #ux.oélm Whose. g/a.o/,ut E} IS

Continuous on C . TThen :

[ 72 07 = 20w - 2(r@)

C

Remaork © This imples  thet 2 C. amd (o ae two distiack

Smooth Ccwuwes Witk the save Stwt ard  end pouts then -

VE . o = /;;f-d?
C, C,

’_Def,;l n'(:/'on : ror ad axbifra./j vec_{p, fie_lcl ? ) co.m{\k.u.ous on a

doman D ) we Say thet the dine :'A,tesrai J?d? IS

C

adependent of pathh if  |F 4P < [FdP L any two
G (2

‘POUO&S Cu ) C.‘L In ’D wn T ﬂu. S anwe Start aA-c/ eA,o/ fod\f_'s.

?eMarK-' The workK done \oj a Conser vative vector f\c\d aibf\j a

Datln dzpends only on Ttwe start é end Poc}tts.



Es(a,v\f) le :




Theoreprs -

S‘Edl? = I'I\&?eﬂdent a! ’Po.kb\ D \{ ord OA-‘\-I '\g fid? = O

c

C
for WYy closed fo.(u C i~ D.

—>

Su,ﬂ)osg_ F s a vecter Field tok s coatinuwous on an open  Cownected
reqion P . T¥ J?J;. is J/\&P.’/\Je,a.‘é o pakh in D | then
c

F s Conservative . 1.e. Ehere exists a Fucchon f such tat )?:Vf,

-

T F(lxwv) = 'P(x.q)? + @ (xwv) ;’ 1S a conseruative vector £.'Q,U ,

ard P ad O  hawe contiuuous Piret occes pastiad derivakives

oP _ ?pé&
on D, ea we Rave: —3—‘1--&

=
-

+ @? be a wecker Q\'QH on o~ Open S\'MP‘\1—C.¢M&¢<A
reqioa D . 3u-ppose_ '(}.uk, P avd & \ave coatinuwous £ir;t—ord9_!‘

pastiod  cerivatives ar d 2P = Ja on D.

-

T‘Mx\ F s Conserval! V@ .



Green's Theorem -

Le,t C be o Pos{t“’(‘j or.‘u(ed ) ’Piea(\,.;\'se_ smootlh N S\'MPIQ.

closed curve . O plaa.z, o~d -'evf. D be the rﬁﬁiOJL %CLO&QJJ

Y4

If ’P a.A.cJ @- lﬂam Continwows ])a./tt'a/( deriuo.k\'\leS on

an OPen r‘e,J;ov\ COﬂ‘f.a\/\ni\j rD 5 GM L

'Exauwp\e :



Cuu{ a_)\cl "D \rQJjej\Cﬁ, .

Debinition - .- 79 4+ 372 4+ K2
- oA \4 2 = g Py °

- — —> —r
Re marK V€ = 3 ¥ 4 4 J of k_?_,?
IxX oy Jz

= (éi of  9f

ox ) o4 ’ 52

";\,(.C.Q\:

Debiaition:  For ot veckor Gield on B > F - (’P.@-ﬂl\ :

TG e

2\ _9_ 2__ Q_ . —> —>

Cur*((:l:) — ” 93 32 = v X F
T 8 %

Theoren : I £ s a scala -Pw.a(:\on a'e e voviaks tuek has

cont L pus SReond ordes rPa.rt(a.L de_rwakiuqs, thean :

vx(v) = ©O

—

Theoren : 1‘? + s o veckor eie,\A on '“2-% whose coMPoamt

fmcboac adl |have contiquouns f;,;t Pau-tials ,ﬂcm-‘

— —s — ; -
V x F = O = F 1S conses voXiug




®e—£\;b;‘tl'0/\ . : = o ?___P_ + 9_9-' = Q‘E — '_F’
div (F ) X oY oz v
Theorenn - dwv (CMLCF”) 3 - 9' C?"—‘F.) = O

Theorem . T2 du (B) =0 |, thea there s a G sucla

t\ftaut ;= $x§

j—wtl&; i on "




Example . | o £ E(mq.%):(ey,zg,xljz) Mc/ let

wlX

a(xw—r.%) == (27-) ;Xj>

Computﬁ dl'\/ E o o %XG :



Pwam{:ric gu(paces Md Mir APQ&:

et = Cma Pe aswgac_q described bj a \Jeckor -
vadued Fuckion - RBlaw) = <>&Lu.v),j(u,v),2(u,u))

Qor (unN) In o re\csion D CT)Zz

@( ,\

©Then we Saj : * = X (wiv) oI e Pw‘am\afmc,
Y = tj(mv) cftua/b\oﬁ-s D‘@ S
Z = 2zZ2umwv)

Soeciol Case .~ TE S s e qopw oF o function

2 = g(x.q) over a feqion D v tue Xy plare -
z

N

we Can  Paametrize S bd:

Tixy) = ("n 9 3("'3)>




© The ¥a((ouu6\3 picture €L ustrates _3r»'a’ cwves -

¥ A Z
I/ B T L[ {. ]
{ \\\ — > | 2 !A
\ & » 3
k iy
\\( __//
o= X

The jf‘QQ/\ fines /CLL(V‘CS CDNCSPO/\CJ to Ltolcld\a vV constart

The  Orasge Lines \ cucves ca!esponcl to \Ao,du\j w constart.

We  x ek 4 resteicbngq owseles  to  a  side grd
cwwe - v (u.owve) (wa or ¥ (ue,v) <Omu.3Q\ .

We @a  then Tk about Limits Like :

0l

1™ ‘"’C Ue +n | Vo ) - ~(ue , Vo) éi (Mp,\‘o) - —Vi(uo.\lo)

oo N ow

ofr
.{M r"(_ MO)VOTKB - ‘-(u° ,VO) - ED_E(M VDB = _‘:z(u_ol\low
ho L ov

If we Tank abouk Threse 320#40.‘21'&&111, s Cotrt,SPOﬂd to

{Zoajea‘t veckors  to 3rid curyesS o¥ S at v (woVe) -

Y ,‘-\’,
[/ ] E:
#1 -!A

>4




Taugert Plae

Hence  Tu(uone) aed  vlneVo) spar  tle tmf/e/»t
Plae to S ok T(uaVe) = D= (%0Yo,Zs) - TeS
Do, if we wated a sormad weckor to TS,
we  can  compite T (ueVo) x fv(UeNo)

’ﬂA'IS wi // a.zaow us to %nc/ an eiua/{ion ‘for

TPS i (X“ Xo ) ﬂ - 30, %‘?‘,o\ . (rcg(um\’o\xr“)(uo.\‘o)s - O

E X MPIQ - 1.(7 pts.) Compute the tangent planc to the surface parametrized by

r = ui+ unj — (uw— ¢)k ai the point (1.2,3).

(a) 3x+2y—=z=10 (b) ey zy={l+u,2+ue.3+u+v)
r 1 y 2 =z 3
(¢) c—y+z=2 (d) = }T =3

(¢) x+2y—3:=14



Sucgace /\reo. :

TP T e wet to tackle e problem of Pidig

tlA-z. surgace afea o—Q o su.r'ea.c_e. N

1t IS M.Seiew( t o return Go ouwrc

grfdlt)\e, 'Pic‘t,w‘Q / X
Y A B
v,

I/ ‘\\\ ?a 7 // / [/ ]l Il
( \\\\ — e # x !%g
\ Y > ‘:S
N y

L //

X

If Wil cow ld appmx.'ma.te Te owea 0‘? eadA”’PiQLC_\‘ IA
tws gqaid | we could add up all Bese approximations

on o je,t an amoxiMaiioﬂ For e eatire suface atea.

So J eet's ,,%OOM ffLu on a ’.PiQQQ Q‘Q aceo-
3P
\
AvI R{,’ - >
— L

aw

The arca of R&'] -. A(?mj) = AuAdv



To a.’PProX'\MabQ twe a(ea O’z’ &1 ) consades

—

agau}\ .  arad [+ :

[

e

P

WQ See U/La,t we Can aPProxiMaJte 'UA.Q Oranje

e
av] R

Au

,,
71

ec{je 0’1 S\X bj - Av T
ornd e green eczlje bj: Au—‘i

Tl«e area o? 'GA.Q ’PQJQ,L(?.( ojraM 'UAQJ %Fa.n
aP’Pcox}Ma{es e area oJB 81] '. Ama@ = @f
A

™o  area oF s ’]Daraue (@ram s
[ AduTa x Av To | = [ TaxTo | 4dudn
\'\)Q Sum UAQ.S(—’, U.P and take o ULmit 0{' f(ne,r ond f{v\ef

%rids to artive at  our forrnu/a £ Surfa.& Ore,a, -

A(s)

IEASAEWY
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Exa MP'C . 16.(7 pis.) Which initegral gives the surface area of the swrface S parameterized by

¢ oo I . f -
r{u, v) = {e®cosv, @’ sine, ¢}, where 0 < < 1,0 < v < 7,

(a) [ fl: 2uy/'T + ul dudy (b)y [ fl: (4u? + 4045 dluele

(c) 7 [ 4 (sine +cosw) + duddude  (d) [T [0 2un1 - u? dudy

() Jo jul VAuZsin® v — cos? o + 4ub dudv



%Pecial Case - T  fle Smea& S e twe 3ccuph- 5@

Qa jfunct(on = 3(70‘4) fw (xw) I~ Sone Veﬂlom
Dc " ; Tren

pop

A(S) = -J l +3xz+317' AXA3
J .
D
7

whj .

2z 3 ]

, 0ty & L. Qe b wp tThe thtejfd Eor AG).

gor o&x <\



j:[ SLU’ Qace, theﬁrak. a/\cl T’-ILLX
LaSJC Eime -
L rPO\raLMe{:f‘ic Surfaczs

b Area A (PNQMQtFiC, Sucgaces

G’OO-I £Or é0(3/61.3 ¢

L*:uatejra./fe_ -Pu\nctl ons ovef Swul Qacﬁ% jj ‘g dS

Ls :sze.(oP a Notioa OQ Oruen‘ta-»t\oa
= :De.ve.(op a nNotioa 0(3 Flux -

Examples :

(a) I'e oL Sur-ea.ce % \was C‘QnSﬁtj QMC{—QO/\ % ) w 'UAQ_
MaAsSS d’f S S M(S) = Sg% Clg

S

(b) Rofe 2t which wates PARSSRS 'tbdouj(;\ a  Membrane

(¢) Qoke ot which lheak energu < emitted Srone o

me Tal Olojecj(:.



S we Qa_ce ’the.ﬁ(‘als .

We can 1K oc ‘UA.Q re(aﬁw\%\)\i\) -

%urgqc_g Are,a = 34.).( ‘eac_e _Ev\,teﬂroj.s

A a =Sedal way to Wwow we K O‘Q the re,(atio/\$\£i?‘.

Acc L.e_nﬂtlm «> lLine "]L__wtejrals

F

T¢ S & pomsetrized by Fluw) = (xs) yun) z0av)):

NQ Con OoNn ce Oﬁa\'n Consider t'-“'; 3(‘[& -efnes "

A~ AT
I/ \\ r / / / l
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TFf we Zoom A on this ’P'\C’UUQ L

We saw belore fuak the oea A S-ﬁj
AS‘\.E& ~ ‘V“X‘ﬂ)\ ARtl = \waru| AM.A’V (‘*)
Se  if 'P\) was a  Pork le , oxd S lhad
&  mass c‘ens\t3 Lunckion S , Twen te Mass
o’e the Squacre 31;:') would be
Mass (3«;'33 ~ 3(Piy) Ay

’Do\',.S this £ each Square

mass (S) & L Lwass () » I TS(riy) Ay

1= j=l 11)'

u6\i\3 (‘*) :



Ta.Kn'aa f&ner ard finer Sf?ds

Mass (S) f %3(1%33“’&)(\-0‘ Auw A
1’]‘

gg S(Euw)) ‘r...xr.,l dA

D
Ia 3eneral
np np
£ d5 = ?(F(u.wﬂnxru‘d/\
'Su P

Examp|€ p Comf)u,f‘,e U.A.Q, Mass 0f Qa S\Aez,t OQ Mtto-k

(povallelogpam ) , Pacametrised by:

?(u\v\:(u+l)~u+v )u) \ O¢c¢ut 1l 5 o<c v £ 2L |
p.
wibh  mass densitj S(xiq,1z2) = & |
Solution : D 2
i A S




"RQMOJK : We.  con Aauc\op center o& Mass £Of‘l\'tmla.s £or o

Sufgace, D wbn c\e_t\si’oj £uu1c}c(o/\ %

Centec o moass = (i ,E,i) , Where -
di
;:L X S(XM‘[,%) AS
M Jdd
S
e
Q:L 5S(x.~1,2) dS
JSJ
e
—2sz zg(an,i) dS
JSJ

Spec(al Case_: IR S & the Sra'?k OE o func:tion - Z=g0xy)

Tixy) = (x 'Y j(xuq)) then |, as begore :

)

LI RV RIEY)

/

£dS = ” f(xutj,a(x"f))r\/' +(%?<Y+('aﬁ‘ )7— ’ledj

J J v aj







Remas K D onme SucQau.es can e 3rapl~$ O’Rr
funcbons Y = W(x.2) O X = J(‘jﬁf)
%A 2A
> y 5y
We. have MLoaou& £or mulas
i Pl 2 !
)] £ dS = ) Fx wexe),z )J’ +<%:Y+(%;> dxdz
= D
[l & ’ L /95 \2 N > |
| #dS = || #Guo,y2 )1 *(5) (%) dyde
S
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ES . z




Orientation :

Mofivo.*.,io/\ : Saj T have a. MQ,tO-i Oij’Ct /% )

W e 1S ewi{:’o&a \eak ewgﬂ ;

N
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Counclusion -

/

T here s no  overall /ﬁ\/\ow\c& .

You have Eto maKe a clhoice.

7’0(1 have to mmaKe 43 cloice og Orier\tat'\o./L.

%'o Oriqnta:tion (S ‘tec\/\(\iCajiAj o Cloice oyr
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SPQC_loj Case, .
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Can UW\K ég quNcl oV //cJownuqucJ § or[m{:abiOA’.
¥
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||
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the Sut‘-face, Siven 395 7 = X*+ tj?'



T8 S s a Poyametric siirbaen represeated 53 ?CM'V)J

(len
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s a uni £ nermal  veckor .

emar K © Tl OPPosite. oriea tation is SiveA loj alt
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Exercise : Fad 2 wit pormadl  to e SU“'QQCQ 'PNGMQ-{I\'%QA
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‘For a C,l osed

DUl Qac.e wWe
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Examplﬁ . m
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Surface, Inteﬂtols O’L Vecbor F‘elds g

SufPox e have an Of\'e/\te,d surgo.ce B withe uat

/\orMaJ. 7\ .

A

f A ;
A77 1_

3>

—

Let‘s Saj we l/\.o.UQ oo VQLhor gie. ,cl F O 5

P F F

— 3
3
m

Qeca(( '. Our 1atuibion told us twef Flux should

Caftm Wow M,u,JA —1; (S lf ’owmj aarmj Li S

et ‘s 200w A on a Small ?O.C AN 0/£ aléo



L

R Area As

—s

On this small 'Pa.to(« 5 AS Oucs ve ctor Q(e HS F Md

7

A are  well behaved )‘Ehej Should  (ook pretiy

M(—LOL\ constoat on Tus SMa//( Pa,tol«.’-

F

TP e tuak of F as the rate at whicle
Wa kter 1o f'owukg across e Pomts o Tas Pa:tdA,
what  Volume of water will Llow twough P wact
4

time

—

I we KA T 4s a \)eloc(bi Celd for Some

'glu{d N ard assume that oa tlhis ’Patcb\. ts

MOUI‘AS at v Me‘tQFS ’PCV SQCO/\CJ



What 18 1tre VOlume of» s box?

- T F
¥ F
(Defmiﬁion 2 I«e f [1=3 O Co:\b'auous \)Qc.tor £'te. H on a-n

orienked Su.(go.ce o wibBa it Aormald ;\'L ) then thhe

—

SW 'Ea.ce. T f.agral g’{ F  over D ofr the

Flax o’f f:—r across D 1S Siuen \o% "

T JdS = =




E X MP|€, .

Lek S de e wa bt S‘)\,&!‘Q .ox® +u31'-|— z =1

LQE_ E(X\H,%): (X\H)%>'_

Compute F.d3

Sohﬂ:ibﬂ :




Fas = lF adS= ||FB2b dS

lru, oS -';\:|

G — S
= i E Tw X Ty lr‘uxruf dA
)] [ % T
D
Heace e haue
e - B . .
£. A% = || FGum) (Fax ) dude
v J v J
S D

E X o MP|€ - 20.(7 pts.) Find the flux of the vector field

Flr.y,z)—yl—2j+ zk
over a surface with downward orientation, whose parametric equation is given by
r{u, ¢) = 2ui + 2uj + (5 — ® — ')k
with u® | #2 < 1.

~ noT . 1127 . i
(a) —% (b) OT (¢) —18x (dy —36m {(¢) O
r, d




SPeciaJ (ase

LS S e Sra.f:\/\ 0’£ o :Pu.nc£io/\ . Z=3L’<\‘1) :

,9
\,\th .



Example © Let S dbe e swlace qiven by 2= X" 4 y®

a bowve e reaion D X4yt 1
Lek Fixiq,z) = < -X -y )x‘+uj">
Compute [| 7 3
JSJ
Solutiom :




Thae 'Di\/e,rﬁelxce, Theorer :

lek E be o simple solid reqion and let D be
e ’Douncl&r«j suclace sy E R Sivej\ Wi B
positive (outward )  orientation

let F be o veckor Seld wlose component

:Pu_nc,tlom% \Ao.ve. coab}\.u..ou.S ’PQ\'t\O—L deran‘\'.\\rQS

on  aa open V&S\om ek cortans E. Then

re L

F.dR = ||| dw(F) dV

v J v JJ

N E

S = Shel(l (Ho((m»)

olid (Filled T..)

M
1




j—wtl&f t\. on .

E X o MP|€ . 4.(7 pts.) Use the Divergence theorem to calculate the surface integral [/ ¢ F' - dS; that

18 calculate the flux of F across S.
F = (¢, zy, vy°),

S is the surface of the solid bounded by the cylinder 2* + y* = 1 and the planes z = 2
and z = 4 with outward orientation.

3

(a) 5 (b) 67 (c) dm (d) 2= (e)



StOKC$\ Tl/\,eore,h« .

Let S be an  oriented Piece wise smooth surbace  tuat
1S bounded btj 73 sng\e ¢ losed Pecewise soo T
Curve C itk Positive  orientation .

Lek F  be a vector Rield whose componeats have.

Conbinunows ?a.rtioi derivatbives on open  Tesxjion

A 123 hat Contains S . Thea

e o (e N
b 7.4t - [[(3.7)d3
C




:[wtl&i tion :

Remark: TP S s o closed suctace (ao boundlarg

whot does DtoKe's Theorem Swj?

curve)



Sluestion: Can we velate StoKe's Tooren t, Green's

Theorenn ¢

Exa MP|€ - 8.(7 pts.) Let C be the rectangle in the z — 1 plane with verticies (0,0, 1}, (1.0, 1).(1, 3, 1),
and (0,3, 1) oriented counterclockwise when viewed from above, Use Stokes’ Theorem to

e .
evaluate the line integral f F - dr where F = 2% + 3 1+ ayk.
(:c

(a) 1 (b) 9/2 (¢) 0 (d) 6 (¢) —3/2



Name: %6{ [ [D"’C B 'Fp{_() bh e S\ Date: §9/12/2019

10.

1.

12.

Main Questions

. Let S be the portion of the graph z = 4 — 222 — 3y? that lies over the region in the

xy-plane bounded by x = 0, y = 0, and x + y = 1. Write the integral that computes

//S(:U2+y2+z) ds.

. Compute // F - dS, where F = yi — zj + zk and S is a surface given by
S

r=2u, Y=2, z=5—u*—1°%

where u? 4+ v? < 1. S has downward orientation.

. Let S be the surface defined as z = 4 — 422 — y? with z > 0 and oriented upward. Let

F=(xr—y,x+y,ze"). Compute // curl F - dS.
S

Evaluate / (z'e” — 3y)dx + (42 + 2°e”)dy where C is the curve

C
below and C' is oriented in clockwise direction.

-

Compute the flux of the vector field F = xi + yj + zk over the part of the cylinder
r? + y* = 4 that lies between the planes z = 0 and z = 2 with normal pointing away
from the origin.

. Find the flux of the vector field F(x,y, z) = (0, z, 1) across the hemisphere

22 4+ y? + 2% = 4, z > 0 with orientation away from the origin.

Let S be the boundary surface of the region bounded by z = \/ 36 — 2?2 — y? and z = 0,

with outward orientation. Find / / F - dS, where F = zi + y%j — 2yzk.
S

Let C be the boundary curve of the part of the plane x 4+ y + 2z = 2 in the first octant.

C' has counterclockwise orientation when viewing from above. Compute / F - dr, where
C

F = (e 2 3y).
Evaluate

/ (y3 + cos a:)d:z: + (siny + z2)dy + xdz
C

where C' is the closed curve parametrized by r(t) = (cost,sint,sin2t) with counter-
clockwise direction when viewed from above. (Hint: the curve C lies on the surface
z = 2xy.)



