§ Cale TT - ?‘:u{ew Session , Exam 1

ToPiQS -'

l) 3D - coordinates
Z) Vectors

3) Dot Feoduct ‘Z, C\‘OSS “Product

Lf) Ll./\es 5’ ?/ane,s

/

5) Vector fw.ctiows : 5?’11(6 Curve s

) TDerivakives : th?/ds (o/f the aéoue>
) Are Lenqtia

5) TNB TFrame

1) Motion in Opace

0)  Fuactions A several vasiables

1) Limits 7 Contnuity



1. 3D - Coordinates:

j)e,f{/\\tm/\ '. As a Set -

ﬂagl { (x,yq, %) X»WI%QTRZS

o 4
Z
A
. P, b, o)
/
/
// \ ..
e :
| N
a .
|
\
| N

RemoatK: Tunk oF R3 as The /:r'zs:'q/e" o an M-ﬁm‘éey Large
"box. Similo\rli ,  Dank & B (e /’xgj-?\wé‘) as aa

/s

\~’\f€ \'/\'\’(Q\B larse, S\/—Q—&t“ .

Rlab\t - l’(o.AA ?UJ(L . +Z




@ueS‘tiOu\ : T ¥ you  were asKed €Eto draw 353 ) I Wak

would  trat  look Like !

AASWQ(‘ . 1t clo_lzencls ,

G —. R = q(x‘o’) \ X\ Yy G,TP\zl ) Twis 1 ol ’Pqirs

(Xe&(\ Swcl, at 5‘—'3.

A a pcbtwe , it's Tuis green Kine
J
/M~

LS N 723 - %(X|L{,%) ‘ Xa, T 672% ) tws s P3ve
(xit(,%) )suc/{/\ that g.—_’z

12 . (\\%|‘> ) (r/g)cl> y




Re mark : E quations i & uSua.Uj Lead to curwves.

Eciuo./t\'o‘zts N Eg uSuaﬂy ’ecce.cl to Su(face3.

Oistance Formula - tor p = (T' \?’—1?3\ ) 17 (1"??"133

" R

d(pa) =J(P-2.) +(@-tT + (%-72)"

E KQIC l. ses: |) Df‘aw a,(/( 790”.! ‘t < /./l /22 tbtai', afre 1 bL’Ut

fron ke orzjm. Fad ax equation descn'bv'\j tlus  set .

1) Do twe Same 14 R*.



2. Vectors

K‘:P\easef See /\-e.c,‘\tw\z 7,“ OvL (V\j wQ,\DS'\he, Eor MO
dektalle :  www.pheslin.com/calculusiii
Main Powts :

/( \IeC‘tor IS Somtbu'r\j w/ﬂA a Magn(ﬂa& :i. d;‘/eqf;'on.

I¥f A:(Q.,Q,_,@) ard ’B:(‘o\,bt"bg) ore. poxkts "
’Rg | 'UA@A @AL V&Lﬁor Con/tecf/hj A '(‘,o g /S d{lwte,ct

\Jj 448 '- E

N

A

-3 .
an c/ vV lxlas CoorQ/ma/ﬁe,S :

g >

D) _ OB L 0’4 — (é,_q,/ bz—QL ) £3-Q3>

Hooo Lo U 'lsua.uj 46“ \I&CEO“S .

>
2

<\



Houw to \)'\s\mﬂ‘l scade eckors

'«I:.'j.5:

Direct ion 7

No d/\a,t?z.
L\an’(\,\, 7 T wice as 'gonj-

T:iﬂ. € :

Dicection 7 Opposite .

L‘e"jt‘“ 7 SO.NLQ.

\A)ri{;,'nj wWclors Ia COMPOI\Q/\’LS '-

Man Pont : v Fe'P"QSQAtQC‘ N Components s

d(SPIace/th ] dl‘splacenwt v dl‘SPlaceM@\t v
V= CAusesS 1 )  Causes a5, CAuses ia

¥ — direction Y - direction Z —direction



How Co CoMFud:e (U T-2 «QeAg\:u o’g— o veckor .

-

Hece , we Compute T *Qaﬁb« A D ;o whick (e

denote bj ”7;// ) 5\7 usfrj its reﬂewﬁw@on In

Compone/lts :
A \
MSMJ ny {fhc\zjoras , we  Can
P(a,b,c)
7'(3/"/ See .
/e
ao —> ¥ H—’l;“: q/az+b2-+C2/
"\._

How to adfd ’scoie veckors alje,bralcallﬂ:

(‘L) a) —+ ? = (a.+b. )al’f'bz ) Az + 753)
i) @-3 = (ai-b,  8z-b, as-bs)
(Gi2) For ce® - ca = (C,q. ) Caz,wu,)

(seneral CProq)efﬁes OQ vecbkors

1. @a+b=b+a 2. G+ (b+&) = (@+b)+é
3. d+0=a 4. @+ (-a@)=0

5. c(@+b)=ci+cb 6. (c+d)d=ca+da

7. (cd)@ = c(da) 8. la=a



v St adard Basis Vectors :

3

Three vectors 1n AR ’P/aj a S/'ﬂec*/'a/( role

3 = (1, 0,0)
Sterdard
;’ = (O, ||O> Basis Vectors
Hr RS

£ = (0,0, 1)

7
Why

-

%QCQuSe Qg vector vV  Ccox  be vayrasu‘cecl )

alﬁabra{c aﬂj as Q -’Z/'nea/ Comq 5/;za./6/‘on c%

=
1

Fa
> = (a b,c) =(a,0,0)+ (0,b,0)+ (o,O)C§

— - =
a1 —+ Ej + CK

[



Deg\'m‘({ion : 74 u,/l)"t vec K or s oo vecltor e ‘eenjk\/\i.

- _—)
Examp'el 7,9 ond £ ae all unt vectors.

Remar £ tor w.j Aou - 270  \ector w , e s o
i t vector ?ol'f\tmj n e Same direc_‘dor\ as L’t
A

Thus veckor S Ltsual(j denoted  as u ord 1S

qiven a\je bear: cauj loj :

Z o= _ ) u
| i [
This Process ( qd —~> a ) IS Ca/L(ea/ AorMa»(in/Lj_ E
?@-«@‘k: Uv\\’c, \IQL\U)\'$ are SOMQ'(:iMQ,S rcfarrcd 1‘;0 as cla'rech'\o/\&
- ’ - -
Exercise : Normal (2@ w = 21 + 27 il



Terick T¥ You Nneed to snormalize o veckor ar d

)

You Con Pu,é{ oul a Positive constorX f.rowt
tLtL, \/Qc{:or ; j'us é /zo/MOJ()‘SQ 'tl/-Q, VQ-C-tOF LjO(L
Sﬁt 4 you a’rop e c onstort .

ExaMPle,_; Normalize v = (?, [6,2Y4 ) .




3. Dot /Product %,- Cross ”—Produ.c,t -

—> —
Hot;vatior\ . So"j T l/\au{ ‘two \}Qctors U cucl U )

axd T Wou Id '&Kz to Know

How nuck of v PO\iLtS n tue direckion oF % ¢

let's call twis : Proj (V)

/Bu,t how Coa we f\kd a formwla ‘eof ?{\OJCL;(’D)) \;

Well | W we Kuew © | we couwld Zad it's Jenjtu:

ASSU.ML 9,
s acute
- K not ) >
Use -
t\l‘P“"j;z (‘7)\ — 1D cos ©

bet's  call twis Lenglle | comby (F) = lproj ()]
So

L how con we fiud ©T



%ecau . C o e ,R\A»(Q. E

¢ =a*+b*-2abcosC

= NP2 = IS0 + 1217 - 20WHIZ ) cos ©

S(v-w) + (ve-the) H(vs-ts) = VOIS VT W Ut U

- 2WNIE N cos ©
D -2V U — 2Vlde — 2VaUhs = - 2UTHNZ )N cos©
= Vil o+ Vaa + VslUs = PR cos O
= COS O — VU + ViU + Vs Us

<— ASSU.M:/\:S

—

U
e

exd M o=

NON - ZR(CO .

&)Wl

This motrvat es .



Definition: The Pot Preduct ot Awe veckors T ond

s $—li = VU + ViU + V3 Us
QQ_MOU*K '. tHence , we See
COS© = _’_l} TZ—
W2 (Tl
OR :
v.ou = RNz cosn®
'F\ha/UJf
comp (7)) = |Vl cos© = T .U
2 )|

Recall  tuak \O‘j def.)xitn'oa) ?roj_a(@) ’POu)\tS . the

-

Same difeckion as . Hence -

)

Prog (W) = comp (¥) U :—-(7/ u )_E = <?/ L )’JZ

e |




?FOPQrﬁies 0’f Tue Dok Product :

1) a-a=|a

2) a-b=Db-a
3)a-(b+c¢c)=a-b+a-c
4) (ca)-b=c(a-b)=a" (cb)
5)0-a=0

NB - v o d ZZ oM oerogona,( 1.7[) ond ow/y /i -

— -

Execcise - 1/\.)&7 f




Mot vakion : Givea two vectors U oud W )}Maj:hQ

ldou wmtec( Q \rQ.c:tor WIMJA S or‘UAO':’jov\al tb \ODJC\A

n ord v Saj e 7€4c/ such a \}Q,L(TO/: EE

L T4 Yyou solve s a\adorodco.uﬂ) Qe easiest Solu.tio/\. S -

Uz U Ua U . M'z_ U‘s
W = VR v - V2 Us
- (u' v U U _ Ml U’L
W. = | 3 | 3 ’U, ’U3
LU, - v u, = | U U
\Mg — I z l 2 - ’U, 'Uz
M7— U‘L * M; U"L M| U“L
So w = T — K
© V2 Uj vV, Vs 3 ™ V, V,
= 1 .| K
%/ uz ug
v, Ve Vs

This motluates Ow ffo//ow()tj de_ﬁhl'tjo./ti



Defzhkt;'on : The Cross Product o! two vectors U ond T s

1 | K
w X ’\7 — U, U, U3z
v Vo Us

Kej ?ropert'tes dL UxXT -
i) D)(’l—/) 1 P ond By

2) For 2 oA C/ ~

Vv .
—
WL
—>
N\) -
vV
=S
U

”R X ’D-’// = /(/eq oﬁ Sla.aclz.cl fpara[[eIOjraM

3) The direction o AxV  Bllows tie Right #ad
Rule f/ L s Lle o//kcct (Oon 4’7{ yd(/ /n de x
f//} er

f/zj@r ) thean d x < points n  the df/*ecfjfo,« o’f

ad T s tle direction of gour  pedolle

/

You r- thum b .



Other PfOPQFties '. T4 & ard b o veckors .IT_ c & a sScalas -

1) ]@x Bl = 1211B|=ne

-

) @ oad L arx /Pa,)\a.u.@( ¥4 o d M\tiif' ox b =0

722) 1. axb=—(bxa)
2. (ca) xb=c(axb)=aXx(cb)
3.ax(b+t¢)=axb+axc
4. (at+tb)xc=axc+bxXxc
5. a-(bxe¢)=(axb)-c
6. ax(bxc¢c)=(a-c)b—(a-b)c

(Deﬁ\bjt\@f\ - The veckor trip|€ Pfoduc/c 1S cbefl)\e__cl as : _Zl (_\; x—Z)

/‘RQMa/‘k-' A/c Con CoMPute qu vo lunre J/ Q

- —>

;Dara//e/o/m'/aec/ s/om/zec/ éj a )Z aa < uS('AJ the

Vector  triple Product :

W

) = [zz.a;x-a>)

VO,MMZ. (53 /~g )

NV

~Yy




4. Lines and Plares -

We car e 360Me{'_ricdij That a -6{.42, IS wliq/uo.lj

deiw\ul bj a _’Pon'/\t on e Qine oS the

d\'rect\ou\ al Twe Line (or )altemodciuﬂlj bﬁf
two ponts o te  Aine )

'E?uw{kon U/,f C - L(’C) '3’: + + 2 (ve_d:or 'Pch)

?eMarKSZ

[ ) w(, COA ‘tl/[,ll\ K O£ 'U-A'{S as o Ccritesria for a PO\}\t to §>Q
on ’Uu_ vem.e. . 1.e . y & 'Po.}\t cP:(X\%,%) 'S
ow The -’{,ML L <> ﬂA.QNL =S o tax =sudnr

P

thak P = P + t, .0



e Cor also 1tk 04 s as o Madane
YOUL a\\tﬁ W a v alue oJr t o~d \C a'\\rQS jou a

?Of/\’(, on T ve,m.e_ L .

e.S. LD = TP°¢+L‘3:’> = ?é 1 ? S Ow L
Léﬂ) = f‘Po + T\_TJ‘ s on L

L(’3) - ’-1—5: “3’3 1S o L

—

T4 B = (xe,9%,2) ad T =(a,bc) th-

L) = (), y@) 28 ) = (xopat, Yotbt  Zo+ck)
Wheeeo  we  now  tak o x(8), ylt) ad z(t) as

// \
COMPOMﬂt Mac/Zttzie_s\ .

Say a  pout  (X,4,2) & oa L . Thea Taoe must be
ome ’Umz,) Saj T , whae

X = %o + atx

Yy = Yo + b tx Parametric equations o L

Z = %o -+ Q‘E;k-



Tenlat {ns L

tx = X -%, = y-Y, = T-2Zo

We can also see fF a0 xX.,v,2 Swtis'gj e lact twe
equalities ‘Uney vorll be e Component s a*!' LLE) :Eof

Some  {timMe . 1.e.

iS OA e?/u.lva/{zy\t deSC\‘.I’P'UD/L 0/{ Q "PI'VLQ ﬂu’dujl»
;Do = (Xo,‘jo,zo) wor O dire ction 3 = (Q,é,() :

ﬂLESQ are CO-U-LC‘ TUue SﬁjMM’-t\"'\Q e_c"ua.:‘:lo«ts o’{ L .



We  can qeometiically see Guab o Plae (P s described
ouiclulj bj a ?ov\t it contairs , and twe vectors
tuak  die i #.

A/tema/éiue(j and e ugeful/j) P can be deccribed
loj a  pont it cmtaine oxd a  vector that s
orUAOJoAaJ o e plae.

‘ (“A.’us or thogonaj \ch.\Lor 1S ?QQQ(‘P&CJ ’&o a s 'O€0)\3

Nor m al to & ) ad s maaﬂj denoted bj < .

Consider — the Dlace 7 below , whickh coatains ftle

'pmh t CPo — ( Xo, vo ) ?_‘,o) a.a.c/ [/la.S /I.O/NOJ V"QC&O/

" - (q/é/c):

— 54

¥

1

Saﬂ q): (Xlﬂ/%—> N on /



—_—

-rt\w . $ = "Poq) = ( X—Xo "j-—go)z-—%o) V(feg l'/l. f

T Ve

e

So we muskt  lhauve v 1 A
—
'<:> . A = O

D (X—Xo,'j‘fjo)?‘-—%o)'(a,b,ﬁ): O

<= al(x-x0) + b(Y-Y,) + c(2-2,) =0

<> O. ¥ -+ bj —+ 2 = O.Xo + bao’l’ C 2o

The abowe uu\'\chLlj describes & (cné’eu'a.) .

KemaK We  axe usualllj jiw Plore s ’03 e«lua&[Ows A e
:earM: QX-I'E-:,-\'C?:——'CJ :

Hoe o is qust  aXetr by + e <SiMF\{f\'ec\).

NB:  We cm read off n=(ab, ) o tlis equation .
=



EXamlole : A normal  vector 1o e plore aiw !od

W-’ Zx—rg—Z:lO 1S 76=(z/1,——)).
Anoties 1« M =(u 2,-2) wucrf

Exercise Gi\l\'..k 3 Pownrks | Wow wounld You f\}\d tue

Ploce contain \',L3 e m F

Kemal :© The azdle between two plaws Can  be Found Aj 7p/,£o/u'J

e aﬁ(e between  tlew resprctiue A ormtal

Vecors .



Tf fwo Plares (aterseck to 3iv~e a Aine ) You
Con fu/’\ d e «Bm’s direction veckoe \oj ta¥a Aj Tl
Cross ’yvoducf, ot e aormal pectors o4 T plowes

—> == —>
B 72— Ay X A2

All:cmaf}uelc], You  cox Uy t.d symmfr:’c, g =S
0"1 (e Line |0lj MwUP“JO‘b;lj Ure quahou-s af

botit  @lases <-l:w£orial ?roldeu) |

The forma//a. {gr the O/"Sta-tce &l a ,oomé to Q
?/M ‘S

(o"'f 73(;) )




5. \/eck,os- Funrcktions ard SFaCQ CLUUQS:

For  ws

, These aw two d,’ffereal; way’s o’l UM'AKMJ
QJOM& t‘/‘e Samne 'Uall'/\j ( a :EMCtiow versus Tt 3(0'Ph)

ree) = (x(6), (), 2 )
You Ccon thhiak  abat r(t) as \oe.\r'xS the  position
04 a ?cub'cle ok tme T (aﬂbw '/\ejw(:i\& time,“>.

EXQMPlef v(t) = ( COS(t)/ 31‘4('&)) -t )

fDraw 'U»tis SPaLQ Cul ve /vector \Jo.\u-mc( £\M(b0/\/ Pa/ﬁb(l

tfaj ec torj .

Soli:




6 . fDen‘Va.f,ﬁi\/eS c/ff Saface UcvesS -

T¥ re) = (<), ylt), z(t)) , tewm
() ve) = (x‘(t), Y'(e), Zz (t) 5
() @ = (e, 4re) 2 @) )

(720) Jr(t)dt = (fx(t)clt/ jy[f)dﬁ / /z(tk:’é)

Remask T/ we Consider (&) to be Te ?osih'oa\ al

a pwticle ot time €, then @)= V()

S its

\/Qlocitj oo r"(t) = al(€) i< its acceleration .

{f u (e ) on d v (ED ore. vector value d fw.ck(ows

7

ond 79:72;72}{11\@-43

W (Tw) .Y = W) v + ate) )
1) (Red x B =  Te)x (L) + UE) D
(i) (d)u(r))’ =  Fle)d(e) + L) u'lt)

(v)  (Z(2(¢)) )B = 2 u(f))



Defini bion - L

X,

The to»tjej\t VQ\'I\Q o v ok Po = \‘(_to) < e

Xw. Qowka\'mx'mi Yo wt  direckion vedor r'(ts) -

L,PoLe) = P+ sv'(ko) <R

)




Examp\e . Fad e ’Qe«jtb\ oA e asc @/L The

cradas  Walin  ve) = (cosl®) [ snle), £ ) Fom  the

port  (1,0,0) te (1,0,27) wd Frou
G,00) ko (,0,4m).

Sola




¥

TNB Frame

COAS\'C‘Q" ’UAQ Spacc cuswe r (k) -

L3

%

r(€e)

s
/

X,

Gooi . To describe the //Sl/la?e O'e The CLLCU‘Q_“.

ReparkK . e curve '« shaped dkferartly at  eadk
pont  v(E) ;S0 whakews destripbion e Come wp
with , € Ws //3ooel" will Vary ffcw ?omt to ?o(/tt
1.2, vy withh time

I d e . 0 ne P/'QCC cf! ))LfoFM a/(:l‘om ﬂtwf LL/QL[J Uus

Some fan 3 doout (e slape de e cuwurve 15 wWhue
it //’Po In ‘l’,\'nj A / ’ e o(/'/e(/lél.&n t's /'téa./nj ! a/é
ot eacl pont .



2-e. we swauld consider e

Buk v E) Wo-s o Maﬂwi{:uc\e whickhh we den't

)

Care oloouk . "ﬂaig ) Nhj W  Counces/ buu.ce,lues

wifla The Unit Tcu.je/tt Vector

T(E) = v

Kemask:  Here we are 4gsumaiﬁ DL paftide neves //Séo/as

Lo
(\AO\)\f\3 : 2.e . rce) # O %x mj € .

Let's Consi dar Wow T(L) vories with time -

L3

I
T(t2) »d’
L
xl
T(t) 7 r(e)

<(k3)



,‘R;;Ma_ﬂi? We Car see | at (e Places where e

D

cucve is  most ... Curved Wuat T(E) c,l/\w»jes diceckion

)
cluiée raf/o/{y.
Ths jiues Uus ar  idea a’! how The curve s

”‘}Dellcf\hj“ ak O- :Po.',\-t, Ths motivates tl_,Q %@dowuact cé’f/m,‘é,'o,\_-

/-De;el/\, 'EI.OA : /n/\-—Q L,{A-I't &orMa/{. Co T ol 2% (Po\)\’(.

(L) S 3\\;@,« bj

W(t) = TULE)
[T(€)]

Remark: N&) L T() A a4 t .

'—Deka\h\cw\ . We defu)\e ﬂm. L{nié ?iaormaj fo [ at

T (e) bj g

Be) = T() x N(x)

Rewark & BE) 1 TU) and N) Por ol +



To AU M aM ge \ J isu.dls( Ze -

For a /OaraMQtl‘l'SeC/ Cucrve r(‘f) :
Unit Ta,nje,,t : T (t) = r'(t)
\r'(t)l
Uni t Nl I N(te) - = T'(t)
| T/ |
Calc. s a
Unit Binormal - k)= TT(E) X N(t) _
'fia Terrible “lef.MQf -
DL
N (&)
r(t)
= Wt < NiE)
Can show: 1) | ") =:ak) = a - ®)T(E) + a.(€)N(t)
cR =26
2) N — r'(E€) x v"(t)
[ e < C e
.. bt it's
3) | N(&) = x T (t)

Not ad Toda.\j




N& i W“\Q-A «jou are auscl (:o col culake UJ«QAQ Cl‘uwtl'ﬁeS ) tla-z, above.
fonmdas MaKe t(,uhjs a Lot easier
> L e You anre asked to evaluake tese ok o S\VQ.L ?oukt)

a,Lwajs evaluake (&) aud r(¢) ak O 190‘&(: f\tst ard UAQACoMPM’&.\.

) A+ k) = ') - v" () au(t) = |r'e) x v () |
lr'Ce) | | F' () |
) TejeK aAn (t) = “)/lx(t”t_ aT(t)z'

Def(n‘«’ciov\ . Tle p\ane ak oL ?ov\t f’(to) onNn o
Space Curue T determined bj N(to) oud ’R(&o) 1S

called e  Normal Plore o = akt T (te)

'l < TN normak to Qs f\)\ou..e.

('REMarkl TL  comsists of o4 ALmes L 4o Hlw fa»tju(

Line.



F'ﬂ 1 :  Normal Plore

r(t)

Tedinition - The Oscdazé//y Plaw oA & Cwve

('Pafame(:m'ted loj r(t)) ot o ’FOV\E Po = v (ko)

IS the Plare dete rmne d bj T (ts) ond N (o)

T (o) x C'Co) s aermad te twis ’p]ou.a.

Remark : Inéu»’f/'mb/ the oscw(a/éuij P/w.e s (e

Q/an.e ijda,t conmes closest to cortan //27 PMZ O’z

ﬂ'e cw re near ?Z .



F‘ﬂ 2 OSculaJu’/Lj (P\cue,
c (&)

l""(to) x r(to) B




