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Some limits are easy to calculate when we recognize them as derivatives:

Example The following limits represent the derivative of a function f at a number a. In each case,
what is f(z) and a?

sinx — == 1+ R) (14 h) —2
(a) lim V2 (b) fim SERH AR

T— T iE—7T/4 h—0 h

(d) -'(fM S\"‘('L) = /‘7’;' J(iM f(l) —ﬁ(a\ : -6(1'\ _ a=

-+
X>2 xX - X >a X -

(b)



Ve,locitj L

:RQ_MNK- SPQ?_d = lvelocl ’C:}‘

Avmﬂq Spu.c\ = Distanca C,O\JQ(QQI
Tima TaXen

Aveaje Vm\ocitj = OVUO\U 'D\Sp\au.mt

Tinme TakWaen

Roeald That we estimated Twe (sRaatancous Ut\octtn
ot 28 'UNJL t‘:’-‘-& N bj ‘ﬁn;\d\.ka m QUUQSQ Ve-lOCitJ

oves Finet and finer time nteryals .

Dediition: T¢ s =f%e) w a position furction wlick

ges  The &isy\acemt b?' ON 0\9'3(&. ok time T, fe

VQ["CEtJ__ of OBSQC—'C ot time € s S'\utr\ \03'.

S _
- 2(a) Plarl) - $(a) |
q)(q) = \M f_(.-t.l-——-————" - LlM o L\_ - 'ﬁ [a)
t 3o t -a W0
- - - N - -




Thus the velocity at time ¢t = a is the slope of the tangent line to the curve y = s = f(f) at the point
where t = a.

Example The position function of a stone thrown from a bridge is given by s(t) = 10t — 16t feet
(below the bridge) after t seconds.

(a) What is the average velocity of the stone between ¢; = 1 and ¢, = 5 seconds?

(b)  What is the instantaneous velocity of the stone at ¢t = 1 second. (Note that speed = |[Velocity]).



q
Alter native.  Natakion: T tj'::?-(x) )ancl ?=(a.\2(0~n

S

S o pont en  the CothSPOAd\?\3 culve e N.CUA
wr)te .

Ay = £(x) - ?(a) «— Cluuﬁq n (\A—Q-«.\ﬂlkt\

Then £(x)— &(a)

) = lim —— - (im 4y
X0 X -a Axso Ax

In economics, the instantaneous rate of change of the cost function (revenue function) is called the
Marginal Cost (Marginal Revenue ).

Example  The cost (in dollars ) of producing x units of a certain commodity is C'(z) = 50 + /.

(a) Find the average rate of change of C' with respect to x when the production level is changed from
x = 100 to z = 169.

(b)  Find the instantaneous rate of change of C' with respect to x when x = 100 (Marginal cost when
x = 100, usually explained as the cost of producing an extra unit when your production level is 100).



Example  The cost (in dollars ) of producing x units of a certain commodity is C'(x) = 50 + /.

(a) Find the average rate of change of C' with respect to x when the production level is changed from
x = 100 to x = 169.

Solution The average rate of change of C' is the average cost per unit when we increase production
from z; = 100 tp x5 = 169 units. It is given by

Az f(z) = f(z1) _ 50 + V169 — (50 + V100) 13 —-10 3

— = = .04347.
Ay To — T 169 — 100 69 69

(b)  Find the instantaneous rate of change of C' with respect to x when x = 100 (Marginal cost
when x = 100, usually explained as the cost of producing an extra unit when your production level is

100).

Solution The instantaneous rate of change of C' when z = 100 It is given by
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