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Find the linearization of the function f(x) = Yz at a = 27.
fle) | fi(x) | a | fla) | f(a)

(a)

Example

L(z) = f(a) + f'(a)(z — a) =
(b) Use the linearization above to approximate the numbers v/27.01 and v/26.99.

(c) We can get an approximation for /x from the linearization of the function, L(z), above, for any
x in the interval 26 < x < 28. We can see, from the table below, that the closer the value of x gets to
27, the better the approximation to the actual value of /.

f(x) x | From L(x) | Actual Value /z
v26.5 | 26.5 | 2.9814815 2.9813650
v26.9 | 26.9 | 2.996296 2.996292
v/26.99 | 26.99 | 2.9996296 2.9996296

v/ 27 27 3 3
v/27.01 | 27.01 | 3.0003704 3.0003703
v27.1 | 27.1 | 3.0037037 3.0036991
v27.5 | 27.5 | 3.0185185 3.0184054

Error of approximation In fact by zooming in on the graph of f(z) = /x, you will see that

|&/x — L(x)] <0.001 or —0.001 < /x — L(z) < 0.001

when z is in the interval 26.5 < x < 27.5.
Such bounds on the error are useful when using approximations. We will be able to derive such

estimates later when we study Newton’s method.



Example (a) Find the linearization of the function f(x) = vz +9ata=7.
flx) | f'(x) | a | fla) | f(a)

L(x) =

(b) Use the linearization above to approximate the numbers 4/16.03 and 1/15.98.

Example (commonly used linearizations) (a) Find the Linearization of the functions sinf and

cost at 0 = 0.
f0) | f'0) | a | fla) | f(a)
cos(f) =
sin(f) ~
(b) Estimate the value of  sin(gs), cos gz and sin 2° = sin 4.
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Example Approximate the change in the surface area of a spherical hot air balloon when the
radius changes from 4 to 3.9 meters. (The surface area of a sphere of radius r is given by S = 47r?. )

AS =~ S'(a)Ar

S(r) =4nr?,  S'(r) = 8ar.
AS ~ S'(4)Ar = 32m(—0.1) = —3.27.



Diferentials: dui

Suppoe £ i diffeentioble at a  with bargent
B L(x) = #la)(x-a) + fla)

We deackte a  swmdk dzwunae n - widtle (on (he.

Lagert Lioe ) by

We deacte a  small Jmﬁe % heyht on the
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C’j = L(x) = L{a) = Lla+dx]) —L(a)

e dy = L #a) (x-a) +Fa) § - [£la) (a-a) +£(a) |
= ¥'(a) (x-a)
= fla) dx

Herce.

dj = f([a) C[X %B



2) dﬂ = f'(a) dx = Fla)Ax = Aﬁ

=
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,EXCVV\P\Q; CDMPMQ e values of ch ond o/(L]

AS > C IAMSQ S gr o TA%N = to 2.0Y \\Q

t%: 2x+ Ax + (-

SD(LLQCAO/\: Recadl - Ax = dx = X — G

aA= 2 £ tase pont
X = 2.0 — peal ‘oj ?ofmt

[

So) dx = Ax = 2.04 - A = O. O __1+_

Aj = F(x) — £la) = #lzoun) - £(2)
= (3(2-04)" + 2(2.oq)+/) —(5(2)" yaG) + l>
= 57.0%4 - 55
= 40367
€' (x) = x>+ 2 = £(2)= 12(2)* + 2 = 9%

dldt €' (x) dx = 4ag (_L_r_) - 3.9
(00
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Ex ample :

(A) Find The Clieeere_r\hlo& Qov T fuﬂ&{oA

Y = 3 coxt(x) |
Solution 'Y = -6 cos(x) sia(x)
d\j = P'LOdx = - beos (x)sA(x) dx

Oo) Mge Qe d{g‘gﬂﬁl\h'\ak Lo Q_??(oxiMo.tQ U/‘Q Cl/ta»je_
1A valugs og (] guncl,(on E(x) = Zeos?(x)
Wwhen we \lawe a swall cJ/lcusz W\ x ot x =—rr/‘f.

Solukion - Aj ~ C/j = ?p/(l:)alx

(
() = - bcos (W) () = - 6(w) () = -3

= Aj X —-3dx = - 34x

() Use differentials Eo estimabe  3cos (44°) = &osz(g-%c)

Solukion: dx = (T/‘f B _'—%03 B (Fﬁ/‘“’) - _’ngb

~— — 3 _i - T
47 ( /80) Pys



Commonly Used Linear Approximations
Note that if x =~ 0, we get the following approximations for some commonly used functions using
Linear approximation:

l. smz~zifr~x0

2. cosr~1itxr~0

3.VItaerl+izifar0

4. 1+2) =1+rzifz=0.
Recall for z ~ 0, f(x) =~ f(0) + f'(0)x.

The above results come from the following table which you should verify:

flz) [ fO) ] fx) | f(0)

SIn & 0 COS T 1

COS I 1 —sinx 0

(1+2)"| 1 |[r(14+2)" | r




Estimating Error

Note that Ay measures the resulting error in our value for the variable y if we make a mistake in our
calculations of the variable x of size Az, Ay = f(xz + Ax) — f(x). We saw above that dy ~ Ay and we
can use differentials to approximate the maximum error in our calculations for y when we have some
bound on our error for the variable x.

Example The radius of a spherical hot air balloon was estimated to be 4 meters with a possible error
of at most 0.5 meters. What is the maximum error you can make in calculating the surface area of the
balloon using the estimate of 4 meters?

S = 47r? m?

We need bounds for AS here, but we will instead use the linear approximation dS ~ AS to approximate
the error.

dS = &rrdr = dS o

When r = 4, dr

dS = 32mdr

If —0.5 <dr <0.5, then
—0.5(327) < dS < 0.5(327)

or

—50.26 < dS < 50.26.

We can interpret this result as saying that if our estimate of 4 meters for the radius of the balloon is
off by at most 0.5 meters, then our estimate of the surface area of the balloon is off by (approximately)
at most 50.26 meters squared in absolute value.

We can also find bounds for the|Relative Error = 42|and the [Percentage Error = % - 100%

S
Lati AS dS
relative error = — ~ —
S S
Whenr =4, S =4n(16) = 201.06. From our calculations above the relative error is at most 2500i.2066 = .25.

The percentage error is at most 25%.



