§ 5. Continuity_of Funckions:

'Pefl'm\’i‘&.oﬂ; A Q\mdcior\ e TR — TR s continuwous at
ac R LA

[

m £x) = £(a)

X=?a
Translation: L £(x) = € (a)
X sa S
e —
S \
wherd ow FUL S e
e e B actual  outpuk
30\'-\3 tomOd'dS as ot x*=a |

nput < 90 Lo a”
T

Note . From LOUA Qde s ,.

,Remafkl Fot -ﬁ 'to bQ COn‘leuu_Lg

ol A, we musk Mave

) $G) e deetkecl.

2) lim P(x) exists

X=>q

3) Lim Flx) = £(a) <— Need bl sdes

Xa



'Deg\x\‘tkon ‘. T8 & -ec_mcfwﬁ s deQ‘*Q‘l Ra € Q&

W &qa Q s d\econtiruons ok oo & P S

PR

not contrauous ot o .

?eMaf K Thare are MMU Nads s can \mPPe/)
Reler loack to remark  on Paje 1 .

Example 2 Consider the graph shown below of the function

[ x? —oo<xr <3
x 3<xr<5H
x h<ax <7
1

. x—10 ZE’>7

Where is the function discontinuous and why?
10

.
i
.
5 -
.
.
i
.
- - - T v v | — LI

i T T T T T
-2 0] 2 i 6 10 12 14

-10 -



Use tis space to  answar the exampe.



J)EE l.f\'\t‘\ oNns .

1) We SaJ P olhas a remova ble dBScant{nuitJ_ ol a

{ Lim £(x) exists  but i not eiuo.( to g(‘l)-

X=Da

2) T? { has o verti cal ang’\)to’(_e al o, we
Sa:j f \/ms an \'nfth(te dES(_oz\t\'r\uitj_.

2) We Saj £ \os q jum? c&\scor\b'rxu\bj A

Lew T (X) ond  Lim £(x) exist | but are
- +

X=>a X=>a
V\OJ(. ecz_u.al. :

C—(.e_, S e jrq]:\,\ ”jumPS” ) ,

erfd‘sei C\asslgj e discontinuities in Tle

Previ ous examp le .



Def\ki{:ions:

)oA fuackion § i< C ont AL OUS frgm mrgﬂg_g_ ok a
Nu.m ber A ig

-
UM+ flx) = €(a)

X = Qq

2) A Funckion £ s codinuous Fom Ot LefE ok a

number a \ Q

L\M ’?(X) = Je(q_)

= a— j

u

Example 3  Consider the function k(z) in example 2 above. At which of the following x-values is
k(x) continuous from the right?

At which of the above x-values is k(z) continuous from the left?
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Example Consider the function k(x) in example 2 above.
(a)  On which of the following intervals is k(z) continuous?

(—00,0], (—o0,3), 3,7].

(b)  Fill in the missing endpoints and brackets which give the largest intervals on which k(x) is
continuous.

(—oo, (5,

Example Let

B cx? + 1 x> 2
m(z) = 10 — x x < 2

For which value of ¢ is m(x) a continuous function?
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Example: Removable Discontinuity Recall that last day we found lim,_oz*sin(1/z) using the
squeeze theorem. What is the limit?

Does the function

[ 2*sin(1/x) x>0
n(z) = { 22 sin(1/x) r <0

have a removable discontinuity at zero?
(in other words can I define the function to have a value at = 0 making a continuous function?)

22 sin(1/x) x>0
ny(x) = ? r=0
z?sin(1/x) x <0

.
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Extra Examples, Please attempt the following problems before looking at the solutions

Example Which of the following functions are continuous on the interval (0, co):

> +ax—1 x>+ 3 2+ 1 ,
f(.flf) — ’ g(SU) — ) h(SU) — T 4 k(fﬁ) — ‘SlﬂfC|.

r+ 2 COS T T — 2

Example Which of the following functions have a removable discontinuity at x = 27:

P tr—1 z* —4 %+ 1

f(x)

Example Find the domain of the following function and use Theorems 1, 2 and 3 to show that it is
continuous on its domain:

x — 10
Example Evaluate the following limits:
3/ -
lim v/2 + cos x lim Smf
r—T r— T~ €T — =

Example What is the domain of the following function and what are the (largest) intervals on which
it is continuous?

Example use the intermediate value theorem to show that there is a root of the equation in the
specified interval:

Jr=1-—z (0,1).



Solutions

Example Which of the following functions are continuous on the interval (0, c0):

3 2 2
x>+ —1 x°+3 xe+1
xr) = : x) = : h(r) = ———, k(x) = |sinz|.
fla) = o) =2 h(e) =, k(@) = |sing
Since f(x) is a rational function, it is continuous everywhere except at x = —2, Therefore it is continuous

on the interval (0, c0).

By Theorem 2 and the continuity of polynomials and trigonometric functions, g(x) is continuous except
where cosz = 0. Since cosz =0 for = Z, 2%, ..., we have g(z) is not continuous on (0, 00).

By theorems 2 and 3, h(x) is continuous everywhere except at x = 2. In fact z = 2 is not in the domain
of this function. Hence the function is not continuous on the interval (0, co).

Since k(x) = |sinz| = F(G(x)), where G(z) = sinz and F(x) = |x|, we have that k(x) is continuous
everywhere on its domain since both F' and G are both continuous everywhere on their domains. Its
not difficult to see that the domain of k is all real numbers, hence k is continuous everywhere. (What

does its graph look like?)

Example Which of the following functions have a removable discontinuity at x = 27:

2+ —1 % — 4 va?+1
fla) =" ) = h(z) = .

x—2 x—2’

lim,_5 f(x) does not exist, since limx — 2(z°> + 2z — 1) = 9 and limz — 2(x — 2) = 0. Therefore the
discontinuity is not removable.
lim, 5 g(x) = lim,_.o (a:—i)_(923+2) = lim,_.o(x + 2) = 4. Therefore the discontinuity at x = 2 is removable

by defining a piecewise function:
x T+ 2
o1(z) = { 9() =

4 x =2
lim, .5 h(x) does not exist, since lim, .o(v72+ 1) = /(5) and limz — 2(x — 2) = 0. Therefore the

discontinuity is not removable.

Example Find the domain of the following function and use Theorems 1, 2 and 3 to show that
it is continuous on its domain: ;
Jcosx
k(z) =

x— 10"

The domain of this function is all values of x except x = 10, since cosx is defined everywhere as is the
cubed root function. Theorem 1 says that the cosine function is continuous everywhere and theorem 3
says that f(x) = /cosx is continuous for all real numbers since the cubed root function is continuous

everywhere. Now we see from Theorem 2 that k(x) = % is continuous everywhere except where
g(zr) =x — 10 = 0, that is at x = 10.
Example Evaluate the following limits:
3/ -
lim /2 + cos z lim Smf
e s I )

Since G(x) = 2 + cosx and F(x) = /x are continuous everywhere, we have F'(Gr)) is continuous on
its domain and we can calculate the first limit by evaluation:

lim V2 4+ cosx = V2 +cosm = 2 —1=1.

r—T




3/ . . . . . 3/ . .
As above, we have v/sinx is continuous on its domain, therefore lim, = Vsinz = {/sin§ = 1. Since

. 3 ] . J—
llmxﬁg(x — 5) = 0, we have %% approaches oo in absolute value as x approaches 7. As x — 77,

2
sin(x) > 0, hence v/sinz > 0. Asx — Z7, x — 5 < 0, therefore the quotient has negative values and

2
\sin x B

= —OQ.

lim —
x—>%_ Xr — 5

Example What is the domain of the following function and what are the (largest) intervals on which
it is continuous?

The domain of this function is all z where \/1 — y/x # 0, i.e. all x where x # 1. By theorems 3 and 2,
the function is continuous everywhere on its domain, therefore it is continuous on the intervals (—oo, 1)
and (1, 00).

Example use the intermediate value theorem to show that there is a root of the equation in the
specified interval:

Jr=1-z (0,1).

Let g(x) = &/ — 1+ x. We have g(0) = —1 < 0 and g(1) = 1 > 0. therefore by the intermediate value
theorem, there is some number ¢ with 0 < ¢ < 1 for which g(¢) = 0. That is

Je=1—c

as desired.



