














Example Evaluate the limit (finish the calculation)

lim
h!0

(3 + h)
2 � (3)

2

h
.

limh!0
(3+h)2�(3)2

h = limh!0
9+6h+h2�9

h =

Example Evaluate the following limit:

lim
x!0

p
x2 + 25� 5

x2
.

Recall also our observation from the last day which can be proven rigorously from the definition

(this is good to keep in mind when dealing with piecewise defined functions):

Theorm limx!a f(x) = L if and only if limx!a� f(x) = L = limx!a+ f(x).

Example Evaluate the limit if it exists:

lim
x!�2

3x + 6

|x + 2|

The following theorems help us calculate some important limits by comparing the behavior of a

function with that of other functions for which we can calculate limits:
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Extra Examples, attempt the problems before looking at the solutions

Decide if the following limits exist and if a limit exists, find its value.

(1) limx!1 x4
+ 2x3

+ x2
+ 3

(2) limx!2
x2�3x+2
(x�2)2 .

(3) limx!0(
1
x �

1
|x|).

(4) limx!0
|x|

x2+x+10 .

(5) limh!0

p
4+h�2

h .

(6) If 2x  g(x)  x2 � x + 2 for all x, evaluate limx!1 g(x).

(7) Determine if the following limit is finite, ±1 or D.N.E. and is not ±1.

lim
x!1�

(x� 3)(x + 2)

(x� 1)(x� 2)
.
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Extra Examples, attempt the problems before looking at the solutions

Decide if the following limits exist and if a limit exists, find its value.

(1) limx!1 x4
+ 2x3

+ x2
+ 3

Since this is a polynomial function, we can calculate the limit by direct substitution:

lim
x!1

x4
+ 2x3

+ x2
+ 3 = 1

4
+ 2(1)

3
+ 1

2
+ 3 = 7.

(2) limx!2
x2�3x+2
(x�2)2 .

This is a rational function, where both numerator and denominator approach 0 as x approaches

2. We factor the numerator to get

lim
x!2

x2 � 3x + 2

(x� 2)2
= lim

x!2

(x� 1)(x� 2)

(x� 2)2

After cancellation, we get

lim
x!2

(x� 1)(x� 2)

(x� 2)2
= lim

x!2

(x� 1)

(x� 2)
.

Now this is a rational function where the numerator approaches 1 as x! 2 and the denominator

approaches 0 as x! 2. Therefore

lim
x!2

(x� 1)

(x� 2)

does not exist.

We can analyze this limit a little further, by checking out the left and right hand limits at 2. As

x approaches 2 from the left, the values of (x � 1) are positive (approaching a constant 1) and

the values of (x� 2) are negative ( approaching 0). Therefore the values of
(x�1)
(x�2) are negative and

become very large in absolute value. Therefore

lim
x!2�

(x� 1)

(x� 2)
= �1.

Similarly, you can show that

lim
x!2�

(x� 1)

(x� 2)
= +1,

and therefore the graph of y =
(x�1)
(x�2) has a vertical asymptote at x = 2.

(check it out on your calculator)

(3) limx!0(
1
x �

1
|x|).

Let f(x) =
1
x �

1
|x| . We write this function as a piecewise defined function:

f(x) =

8
<

:

1
x �

1
x = 0 x > 0

1
x +

1
x =

2
x x  0

.
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limx!0(
1
x �

1
|x|) exists only if the left and right hand limits exist and are equal.

limx!0+(
1
x �

1
|x|) = limx!0+ 0 = 0 and limx!0�(

1
x �

1
|x|) = limx!0�

2
x = �1.

Since the limits do not match, we have

lim
x!0

(
1

x
� 1

|x|) D.N.E.

(4) limx!0
|x|

x2+x+10 .

Since limx!0 x2
+ x + 10 = 10 6= 0, we have

lim
x!0

|x|
x2 + x + 10

=
limx!0 |x|

limx!0(x2 + x + 10)
=

limx!0 |x|
10

.

Now

|x| =

8
<

:

x x > 0

�x x  0

.

Clearly limx!0+ |x| = 0 = limx!0� |x|. Hence limx!0 |x| = 0 and

lim
x!0

|x|
x2 + x + 10

=
limx!0 |x|

10
=

0

10
= 0.

(5) limh!0

p
4+h�2

h .

Since limh!0

p
4 + h� 2 = 0 = limh!0 h, we cannot determine whether this limit exists or not

from the limit laws without some transformation. We have

lim
h!0

p
4 + h� 2

h
= lim

h!0

(
p

4 + h� 2)(
p

4 + h + 2)

h(
p

4 + h + 2)
= lim

h!0

(
p

4 + h)
2 � 4)

h(
p

4 + h + 2)

= lim
h!0

(4 + h)� 4

h(
p

4 + h + 2)
= lim

h!0

h

h(
p

4 + h + 2)
= lim

h!0

1

(
p

4 + h + 2)
=

1

4
.

(6) If 2x  g(x)  x2 � x + 2 for all x, evaluate limx!1 g(x).

We use the Sandwich theorem here. Since 2x  g(x)  x2 � x + 2, we have

lim
x!1

2x  lim
x!1

g(x)  lim
x!1

(x2 � x + 2),

therefore

2  lim
x!1

g(x)  2

and hence

lim
x!1

g(x) = 2.
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(7) Determine if the following limit is finite, ±1 or D.N.E. and is not ±1.

lim
x!1�

(x� 3)(x + 2)

(x� 1)(x� 2)
.

Let P (x) = (x � 3)(x + 2) and Q(x) = (x � 1)(x � 2). We have P (1) = �6 6= 0 and Q(1) = 0.

Therefore the values of
P (x)
Q(x) =

(x�3)(x+2)
(x�1)(x�2) get larger in absolute value as x approaches 1.

As x approaches 1 from the left, (x� 3) < 0, (x� 2) < 0, (x� 1) < 0, and (x+2) > 0, therefore

the quotient
(x�3)(x+2)
(x�1)(x�2) < 0 as x approaches 1 from the left and therefore

lim
x!1�

(x� 3)(x + 2)

(x� 1)(x� 2)
= �1.

9


